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ABSTRACT 
Abstract 
Research in brake squeal has been conducted for over 50 years in many different 
areas and still it is not completely understood. Experimental testing is very time 
consuming, therefore, there is a need for the development of an analytical model 
to simulate the test results prior to the prototype stage has arisen in order to gain 
a deeper understanding of the physics of the system. 
In this thesis analytical beam and annular plate models in order to investigate 
the vibrational behaviour of an automotive brake discs are presented and 
compared to experimental measurements. The first model approximates the 
brake disc as a simple beam structure with cyclo-symmetric boundary 
conditions. Since the beam model is a one-dimensional approach and, therefore, 
the modelling of the inner boundary conditions of the brake disc is impossible, a 
second model based upon Kirchhoff's plate theory is also presented. The mode 
shapes and natural frequencies of a static disc with different inner boundary 
conditions are calculated and compared to experimental vibration and sound 
pressure measurements of a brake disc made upon a static test rig. Since none of 
the standard boundary conditions show an acceptable agreement with the 
measured results, a novel approach of simulating the inside boundary by using 
an infinite number of springs with a spring stiffness according to the geometry of 
the central hat is shown. Following the analyses of a free vibration annular plate 
model a forced vibration model has been developed. Additionally, a set of initial 
measurements made upon a spinning disc rig using a novel excitation 
mechanism to impart point source excitation to a moving brake disc are also 
discussed and compared to a number of assumed vibration models. 
For developing mathematical models it is useful to make a number of 
simplifications in the first instance. The main focus has been put on the 
investigation of the out-of-plane vibrational behaviour of the brake disc in the 
lower brake squeal frequency range between 1 and 6.4 kHz. Also not considered 
is any coupling with the brake pads and, therefore, any excitation mechanism. 
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INTRODUCTION 
1 Introduction 
For the investigation of noise and vibration phenomena the automotive industry 
has spent a vast amount of resources in setting up research groups and in 
developing new investigation tools in the past decades. Since vehicle passengers 
are getting more and more sensitive with regard to these phenomena this 
development process will go on. The difficulty of most of the NVH (Noise, 
Vibration, and Harshness) phenomena is to understand their physical 
background in order to find solutions for their elimination or modification. 
There are two basic approaches to achieve this, one is to interrupt or modify the 
transfer path between source and target and the other one is to eliminate or 
modify the noise source itself. 
For passenger cars exist many different areas of NVH (e.g. powertrain, tyre/road 
and wind noise) which can contribute to the overall emitted noise and vibration 
level inside and outside the car. Powertrain NVH seems to be the most 
researched one of these. Different tools such as sound engineering can be applied 
to give each car their own personal sound. But due to the rising customer 
awareness other NVH phenomena like brake NVH have also become a major 
issue in the vehicle refinement process for the manufacturers. Brakes are used to 
decelerate the vehicle by converting the kinetic energy into heat via the friction 
interface of pads and rotor. But this energy exchange can also result in the 
occurrence of various NVH phenomena, e.g. brake judder and brake squeal. 
In the following sections basic information about the function and design of the 
two main brake systems (disc and drum brake) are given. Further on, the 
motivation and the objectives for conducting the research shown in this thesis 
will be discussed. At the end the original contributions to knowledge shown in 
this thesis are summarised. 
1 
INTRODUCTION 
1.1 Brake systems 
1.1.1 Disc brake system 
The basic elements of a standard disc brake are the disc, the calliper, containing 
the pistons, and the pad assembly, which consists of the pads made of friction 
material connected to the backplates. When hydraulic pressure is applied, both 
pads are pressed either from the piston or the housing onto the disc, thereby 
generating the braking torque. The hydraulic pressure is proportional to the 
applied pedal pressure. Figure 1.1 shows a schematic cross section view of a disc 
brake system [1-2]. 
callipe"-- piston 
axle htili _ ' 
disc 
Figure 1.1 Schematic cross section view of a disc brake system [2] 
Disc: 
The disc is mounted on the axle hub, therefore the disc rotates with the same 
rotational velocity as the car wheel. For two reasons most automotive discs are 
made of grey cast iron: firstly because of its wear resistance and secondly 
because of its low production costs. The shape of the disc has been chosen to be 
like a top hat in order to keep the temperature at the wheel bearing low. The hat 
shape increases the surface and the path which the heat has to travel to the wheel 
bearing. Another way of increasing the surface is to use ventilated discs, which 
consist of two discs connected by ribs. A prime number of ribs is normally used 
in order to inhibit symmetric modes of vibrations in the disc [1-3]. 
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Calliper: 
The calliper is mounted to the vehicle suspension system and houses the 
hydraulic pistons, which actuate the pad assemblies. The attachment to the 
vehicle depends on the type of calliper. The types of callipers found in different 
disc brake systems can be distinguished in terms of sliding, fixed and floating 
callipers. The callipers for the sliding and floating designs are supported by a 
calliper mounting bracket, which is attached either to the steering knuckle or the 
axle housing. This bracket allows the calliper to travel in a transverse direction to 
the disc while transmitting brake torque to the vehicle. The fixed calliper is 
rigidly mounted, so it can transmit the braking torque. The fixed calliper' 
: contains at least one piston for each pad, therefore, a fixed calliper needs more 
space than a sliding or floating one [1-3]. 
Pad Assembly: 
The brake pad assembly consists of friction material mounted on rigid pad 
backplates. Various options of mounting are possible, e.g. using rivets, adhesive 
or integral moulding. The pads can be distinguished as inboard and outboard 
pad. The backplates can have various shapes. Usually the shapes of pads of 
floating calliper brakes are segmental, rectangular, square or oval. The mounting 
of the pad assemblies to the calliper or to the calliper mounting bracket can be 
achieved in various ways. Most commonly they are mounted in an aperture in 
the calliper bridge, so an easy inspection and quick replacement is possible 
without removing the calliper [1-3]. 
1.1.2 Drum brake system 
Although drum brakes are not the main focus of this research some references 
used in later stages of this thesis refer to them as well. In order to support the 
understanding of the references a basic description of drum brake systems is 
given in the following paragraphs. 
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The drum brake consists of the drum, the shoes faced with friction material, the 
shoe abutments or pivots and the wheel cylinders. Both abutments and cylinders 
are attached to a backplate. The system also contains springs, which are fitted to 
the shoes to retract the backplates and keep them aw.ay from the drum when the 
brake is not applied. Adjusters are fitted to maintain the clearance between drum 
and lining. 
In figure 1.2 an internal expanding drum brake is illustrated. The brake consists 
of two shoes, A and B, lined with friction material and free to slide on 
abutments [I]. 
pit I 
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Figure 1.2 Brake mechanism of an internal expanding drum [1] 
The force P which is applied to the tips of the shoes results in a normal force N 
that acts on each lining. Because of the resulting tangential force itN, shoe A not 
only slows down the drum but also tends to pull the shoe onto the drum. This 
increases the effective force applied to the shoe. Shoe A is called a 'leading shoe'. 
The tangential friction force on shoe B reduces the load which forces the shoe 
onto the drum, therefore the shoe is called a 'trailing shoe'. 
Drum: 
Similar to the disc of a disc brake most of the drum brakes are made of grey cast 
iron, because of its good wear resistance and ease of production. Cast iron also 
has the advantage of good thermal capacity, which means that the temperature 
reached through absorbing the friction energy is not as high as it is for metals of 
lower capacity. Because of the temperature, which causes thermal stresses, and 
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in order to withstand the forces exerted on it by the shoes the drum should have 
sufficient strength [1]. 
Shoes: 
The shoes are normally of a T-section shape and can be built by either casting or 
by welding from steel sheet. One end (the heel) of the shoe is rounded to slide in 
a groove on an abutment fixed to the backplate [1]. 
Backplate: 
The backplate sustains the abutment and the actuating mechanism and is acting 
as the reaction member for the braking torque. Therefore, it must have sufficient 
stiffness not to deflect under load. Otherwise it could happen, that the pedal 
travel will be increased, the braking effort will be reduced, and uneven lining 
wear may occur [1]. 
Linings: 
A high and stable coefficient of friction against the drum over a wide range of 
temperatures and speeds must be provided by the linings. Good wear resistance 
is essential [1]. 
1.2 Motivation of research 
The investigation of brake squeal is of high interest to .the automotive industry 
due to the high warranty costs, which have to be paid every year for replacing 
complete or individual parts of the brake systems. Research in brake squeal has 
been conducted for over 50 years in many different areas and still it is not 
completely understood. Companies such as Jaguar and Land Rover, now as part 
of the Ford Motor Company, have conducted a vast amount of research, 
especially in the area of experimental testing including optical measurement 
techniques. Conducting measurements is time-consuming as they can only be 
performed after the first prototypes have been built and the results of the 
measurements can be difficult to analyse. Therefore, there is a need to develop 
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an analytical model to simulate the test results prior to the prototype stage in 
order to gain a deeper understanding of the physics of the system. Instead of 
using the FEM (Finite Element Method) it has been decided to use mathematical 
models, especially continuous vibration system like beam and plate models, to 
simulate the vibrational behaviour of the disc brake system. The big 
disadvantage in using mathematical models instead of using FEM is that 
complicated geometries can not be modelled in high detail. But it can be very 
time-consuming to develop these FE models and conduct vibration analyses. In 
the next section a summary of the objective of this research is given. 
1.3 Objective and aim of research 
The idea behind the research of this thesis has been to simplify the highly 
complicated brake system by developing analytical models in order to gain a 
deeper understanding of the brake squeal phenomena. The main focus needs to 
be put on the vibrational behaviour of the disc of the brake system, since the 
brake disc can act as an efficient radiator of sound and is, therefore, thought to 
be one of the main contributors to the occurrence of brake squeal and to its 
emission. Therefore, the aim of this research is to develop a mathematical model 
of the brake disc which describes the vibrational behaviour of the brake during 
the occurrence of squeal and to verify the developed models experimentally. The 
main focus has been put on analysing the brake disc itself in the frequency range 
of 1000 - 6400 Hz. For the upper limit 6400 Hz has been chosen because it is one 
of the options of the analyser. For the higher frequency range brake shims 
attached to the backplates can be used to suppress the occurrence of brake 
squeal. 
1.4 Overview of thesis 
Chapter 2 of this thesis gives a literature review of brake NVH, mainly focussing 
on brake squeal, in which the different research areas are explained in more 
detail. The review is separated into five sections. The first section gives details 
6 
- ---
-~~~---- - ~ 
INTRODUCTION 
about brake NVH phenomena and the excitation mechanisms. In the next two 
sections publications made in the area of experimental testing and optical 
measurements are identified. A commonly used tool is experimental modal 
analysis. In the final two sections the different analytical models used are 
presented. Beside the multibody systems, beam and plate models are used by 
various authors. The plate models used often assume a clamped inner boundary. 
For developing mathematical models it is useful to make a number of 
simplifications in the first instance. The main focus has been put on the 
investigation of the out-of-plane vibrational behaviour of the brake disc. In-plane 
vibrations, although they can play a key role in the occurrence of brake squeal, 
are not investigated. Also not considered is any coupling with the brake pads 
and, therefore, any excitation mechanism. The coupling of the disc with the pads 
is highly complex to model due to the nonlinear frictional behaviour of the 
friction material. 
In chapter 3 the development of a mathematical model following the Euler-
Bernoulli theory of beam bending is shown. The first approach, shown in figure 
1.3, has been to unwrap the disc brake into a straight infinite beam. Since an 
infinite beam does not have any eigenfrequencies, boundary conditions have to 
be applied to simulate cyclo-symmetric vibrational "boundary conditions" of a 
ring structure. 
Figure 1.3 Unwrapping of the brake disc to a straight infinite beam 141 
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In chapters 4 and 5 the free and forced vibration of an annular plate following 
Kirchhoff's plate theory are analysed. In chapter 4 the standard boundary 
conditions (clamped - free and simply supported - free) are analysed in order to 
investigate their applicability to simul~te a real disc brake. Since none of them 
show an acceptable agreement with the measured results, a novel approach is 
shown Simulating the inside boundary by using an infinite number of springs 
with a spring stiffness according to the geometry of the central hat. 
In chapter 6 the first results of the experimental investigation conducted on a 
spinning disc rig are shown. A novel approach is chosen to excite the spinning 
disc system by using a ball bearing connected to an electrodynamic exciter. 
These experimental results are compared to the different models used in the 
literature. It can be seen that the influence of the low rotation speed on the 
eigenfrequencies is negligible. But on the spatial modal pattern the rotation 
speed has a significant influence. 
In the final chapters an overview and a discussion of the results are given. To 
conclude, suggestions on possible future ~orks are presented. 
1.5 Original contribution to knowledge 
This thesis shows original contributions to both analytical and modelling and 
experimental investigations: 
• A wave based beam model using cyclo-symmetric boundary conditions 
has been developed in chapter 3. Additionally, the modal based approach 
has been used in order to verify the findings of the wave based approach. 
Using these models it is possible to calculate the FRF of ring-like 
structures. It has been shown that the beam model shows a good 
correlation to a ring structure which a large curvature as well as to the 
brake disc with its central hat removed. But since for a real brake disc the 
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inner boundary of the disc can not be assumed to be free an alternative 
model needed to be found. 
• In chapter 4 an annular disc model, which considers the hat stiffness at 
the inner boundary, has been developed and experimentally validated. 
With this model it is possible to calculate the natural frequencies of a disc 
structure. Additionally, these boundary conditions have been 
implemented into a forced vibration model (chapter 5) ,in order to predict 
the FRF. This forced vibration model is based on the modal summation 
approach, which can be found by various authors in the literature. 
• A simple ball bearing system has been developed in order to input a 
controlled excitation fo'rce onto a rotating brake disc using an 
electrodynamic exciter (chapter 6). In order to verify the quality of the 
used excitation mechanism a number of experimental investigations have 
been conducted. For an enhanced quality of the measured results, 
especially at higher revolutions per minute, a filter technique has been 
used. 
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2 Literature.Review on Brake NVH 
This chapter gives an overview of the literature, which is related to brake NVH. 
In the first section the different NVH phenomena, which can occur on brake 
systems, are explained. Further on, a summary of brake squeal related papers is 
given, which is divided into four parts. The first two sections are based on 
experimental testing, such as accelerometer, microphone or optical 
measurements, and the last two focus on analytical descriptions, such as 
mathematical modelling or Finite Element Method (FEM) of the brake squeal 
phenomena. According to the main focus of their research the papers have been 
assigned to the appropriate sections. However, this means that papers assigned 
to mathematical modelling can also include e.g. experimental testing approaches 
to verify the results of the simulation. 
There are already a number of reviews which are used as additional references. 
Ioannidis et al. [5] gives in their review a short overview over the whole area of 
brake NVH including disc and drum brake systems as well as noise phenomena 
of the whole frequency range. Similar to this review they divide their brake 
squeal summary into three major sections, theoretical approaches, finite element 
approaches and experimental approaches. Papinniemi [2] focuses in his review 
mainly on disc brakes and brake squeal phenomena. A comprehensive review 
has been done recently by Kinkaid et al. [3], which includes over 200 references 
on brake NVH .and provides information of all areas of brake NVH. Ouyang et 
al. [6] present a review focussed on numerical analysis of automotive disc brake 
squeal. This review came to the attention of the author of this thesis in the later 
stages of the research, therefore it is just mentioned for completeness without 
giving further details. In the recently published book by Chen et al. [7] a chapter 
by chapter overview over the different findings of various researchers and 
research groups with regard to disc brake squeal has been given. Most of these 
findings will be mentioned the following sections. 
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This review is based on the information given by the above mentioned reviews 
as well as on various papers found in literature. The emphasis has been put on 
more recent papers with the main focus on the methodology .of the 
investigations themselves undertaken by the researchers rather than on the 
findings where these are inconclusive. Results are only given if significant for 
this research. 
2.1 Brake NVH 
In this section an overview over the different phenomena of brake NVH is given . 
. NVH includes the high frequency range and consists of three fields. Noise (N) is 
classified as an audible phenomena usually in the frequency range between 20 
Hz and 20 kHz. This frequency range can differ for each person influenced by 
various parameters such as age. Vibration (V) includes all tactile phenomena in a 
frequency range between 0.5 Hz and 50 Hz and Harshness (H) is defined as a 
combination of audible and tactile phenomena. Brake NVH can be divided into 
two main groups, (i) low frequency brake NVH and (ii) low and high frequency 
brake squeal which are explained in the following sections. 
The next two definitions are used frequently in the following sections and are 
therefore given to provide a better understanding: 
Complex modes: Complex mode describes the mode form of vibration. It can be 
induced by non-proportional damping due to material properties of the friction 
material of the brake pads. 
Instabilities: The occurrence of brake squeal is often caused due to instabilities or 
unstable modes caused by friction (friction induced instabilities). The stability of 
a system can be described as the tendency of the system to return to its original 
position following a disturbance [8]. 
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2.1.1 Low frequency brake NVH 
Low frequency noise for brake systems occurs in the frequency range of 100 to 
500 Hz.1t can be divided into different subcategories. Common terms, which are 
used, are chatter, crunch, groan, humming and moan. The phenomena, which 
are described most in the literature, are specified in the following paragraphs. 
Groan or creep groan can be identified at suspension and brake assembly natural 
frequencies at around 100 Hz. Rotational motions of the calliper and the 
suspension arm are often involved. The mechanism, which causes the vibration, 
is based on the stick-slip phenomenon and occurs at very low speeds (less than 2 
km/h) [5). 
Hum and moan are audible and appear in a frequency range of 100 to 400 Hz. 
Humming is the lowest geometrical induced instability, which occurs during 
light brake dragging at motorway speeds. Moan occurs at speeds between 
2km/h and 20km/h. It can be associated with rigid body vibrations due to 
negative damping effects [5). 
Brake judder belongs to vibration phenomena and is therefore tactile rather than 
audible. Brake judder can be separated into cold and hot judder depending on 
the operational temperature. Brake judder is a forced vibration and appears at 
frequencies, which are a multiple of the vehicle speed. Brake judder below 100°C 
is caused by geometrical instabilities and is therefore called cold judder. Around 
100°C and higher hot brake judder is caused by thermal deformations [5). 
2.1.2 Low and high frequency brake squeal 
Many definitions of brake. squeal can be found in the literature, which all define 
brake squeal in a different frequency range. However, a frequency range over 
1000 Hz is commonly accepted [3). Unstable vibration modes of the brake system 
can cause brake squeal, whereby, because of its large flat surface and its 
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thickness relative to the radiated frequency, the brake disc can act as an efficient 
radiator of sound such as a loudspeaker. 
The biggest problem of the investigation of brake squeal is its fugitive nature; i.e. 
the difficulty that brake squeal is not always a repeatable phenomena. The 
number of natural frequencies, which can cause. squeal is enormous for a brake 
system. For example, the numbers of natural frequencies of the brake disc within 
the audible frequency can be anything up to 80. During braking the brake disc is 
coupled with various components, like the calliper and the pads; this results in 
the appearance of coupled modes, which are different from the component free 
vibration modes. Altering operational parameters like temperature, brake 
pressure and the coefficient of friction can result in different squeal propensity of 
the brake system [2]. In the following sections the different mechanisms 
identified in the literature, which can cause squeal, are presented in a brief 
summary (more detailed information can be found in given literature sources). 
1. Stick-slip and negative friction-velocity slope 
The first investigations in the field of brake squeal suggested that the 
variation of the friction force with sliding velocity causes the squeal. The 
difference between the static and the dynamic coefficient of friction and 
also the drop in kinetic friction with increasing sliding velocity could lead 
to a stick-slip condition and produce self-excited vibration. But brake 
squeal also occurs in brake systems where the coefficient of friction is 
constant and therefore this approach can not be applied to all squeal 
phenomena [2]. 
2. Sprag-slip 
In contrast to stick-slip, Spurr developed a theory, known as Sprag-slip, 
which can also be applied when the coefficient of friction is independent 
from the sliding velocity. The vibrations occur due to the constrained 
interaction of various degrees of freedom in the system and are therefore 
related to the geometry of the components. Figure 2.1 shows the system 
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considered by Spurr. From that system it can be derived that if J.1 equals 
cot(8) the friction force F goes to infinity. This is termed as spragging [3]. 
3. Binary flutter 
/ 
rigid rod pivoted 
at 0 
/ 
/ L 
e I rr 
moving rigid plane N 
Figure 2.1 Sprag-slip model of Spurr [3] 
The presence of two disc modes of vibration at the same frequency is an 
important fact for the occurrence' of binary flutter. The term binary flutter 
stands for a state of oscillation, where energy is exchanged between these 
two modes. A comprehensive review over this mechanism is given in [10]. 
A refinement of this mechanism is the lining-deformation-induced 
instabilities mechanism which is also described in [10]. 
4. Follower forces 
The term follower forces can be defined as forces that change their 
directions as the geometry changes. The rotation of a disc segment results 
in a transverse component of the friction force, which is normally parallel 
to the surface of the disc. Follower forces can result in instabilities [10]. 
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2.2 Traditional experimental testing 
This section gives an overview of the published work using traditional 
experimental testing, which includes using accelerometers, microphones and 
electrodynamic shakers. The testing is mostly carried out on different test rigs 
and the effect of different parameters such as friction material, temperature or 
pressure changes can be studied. Figure 2.2 shows a typical brake test rig, the 
brake dynamometer, which is used within the research of this project. 
Figure 2.2 Brake test dynamometer 
In recent years a common agreement on brake squeal analysis has been achieved. 
In order to standardise the process of brake squeal identification analysis two 
different working groups, a US and a European one, have each developed a test 
procedure to investigate brake squeal on a dynamometer. Thompson and Fudge 
[11 and 12] describe in their papers the state of development of the SAE J2521 
test procedure, which was developed by the US working group, and compare 
some features of this procedure with the AK test, developed by the European 
working group. Thompson et al. [13] also conducted for the SAE J2521 test 
procedure a correlation investigation between two laboratories. A satisfying 
correlation between the two laboratories was achieved. However, the AK test 
procedure shows clear differences in the generated noise in comparison to the 
SAE J2521 test procedure. These test procedures have been developed in order to 
be applied by the industry for brake squeal identification. At this stage of 
research there was no need to apply these procedures. 
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Various investigations have shown that the brake disc has a significant influence 
on its tendency to squeal. Canali and Tamagna [14] investigated different brake 
pad and brake disc combinations. It has been shown that the disc resonance 
frequencies are closely related to the frequencies of noise occurrences at the 
coupled disc - calliper system and therefore the material properties of the disc 
have an influence on the generated noise. Earlier Lang et al. [9] describe a modal 
analysis technique applied on a drum brake system, which has been developed 
for the measurements of rotor modes showing stationary complex modes of a 
form compatible with a binary flutter mechanism. FE modelling is used to 
examine the effect on reducing brake rotor symmetry. Adding discrete masses to 
the drum has been found to decouple the flutter modes and, therefore, leads to a 
reduction or elimination of some types of squeal. 
The energy induced in the brake disc system by the process of braking results in 
the occurrence of noise. Therefore it is obvious that many researchers put their 
focus on the disc/pad interface. 
Holinski [IS] investigated brake squeal and judder of friction brakes on a test 
machine. A simple friction lining tester was built in order to investigate the 
frictional properties. The friction lining tester consisted of a cast iron disc and 
three composite segments. The brake disc was designed to be stationary whereby 
the three composite segments were rotating and sliding against the brake disc 
surface. A parameter study was conducted in a frequency range of 0 Hz to 20 
kHz. The study included testing during continuous braking at different speeds, 
different pressures and different disc temperatures. It has been shown that using 
certain additives can reduce low frequency vibration and high frequency noise. 
In [16-19] Eriksson and Bergman et al. investigated the influence of the disc 
topography on the generation of automotive disc brake squeal. It has been 
shown that changing the pad geometry can have a significant influence on the 
occurrence of squeal. In [16] a brake disc with a grit-blasted sector has been 
investigated. By using a grit-blasted sector a noise reduction was achieved. Three 
different sets of brake pads have been analysed in [17]. The pad area in contact 
with the brake disc is reduced down to 50% of the original by removing friction 
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material either at the leading and trailing edges or spot wise removal of interior 
area by drilling. The reduction of the contact area showed a reduction in 
occurrence of brake squeals for all three pads. Two brake discs were shot-blasted 
in [18] to produce small pits in the disc surface and then tested on a special brake 
squeal rig. In the course of the tests, the coefficient of friction increased from 
about 0.3 to 0.45 due to the gradual reduction of the size of the pits. The use of a 
shot-blasted disc is thought to be an ideal possibility to analyse the correlation 
between brake disc topography, friction coefficient and brake squeal generation 
without changing the composition or the macroscopic geometry of brake pad or 
disc. In [19] two sets of brake pads have been investigated. Both pads have been 
of a metal-fibre reinforced organic type, the first being a standard production 
formulation while the other has been modified to increase high-speed 
performance. The characterisation of the surfaces of the pads has been conducted 
under silent and squealing conditions. The results show that pads with many 
small plateaus generate more squeal than pads with few large plateaus. 
The influence on the calliper on the squeal generation has been investigated by 
Nakajima and Okada [20]. A modal analysis of various components was carried 
out to identify the places that influence the squeal. It has been shown that adding 
shims to the brake system can reduce the occurrence of brake squeal. 
Since brake squeal occurs at various operating conditions several parameter 
studies have been conducted. Fieldhouse and Steel [21 and 22] investigated in 
their papers the propensity of a brake to generate noise over a range of 
temperatures and pressures under conditions which allow a. mechanically 
induced offset centre of pressure between the pad and rotor to be varied. There 
was a reduced tendency for the brake to generate noise when a very specific 
trailing centre of pressure was applied. Another finding was, that mechanical 
instabilities can occur, which are not influenced by temperature and pressure. 
In the papers by Hendricx et al. [23 and 24] an experimental and numerical study 
of a low-frequency brake squeal is presented. The investigations were carried out 
on a simplified brake noise test rig. The squeal phenomena was analysed by 
17 
LITERATURE REVIEW 
optical (laser vibrometer) and acoustic holography techniques. A parametric 
study of the brake system (brake pressure etc.) and a structural dynamics study 
(experimental modal analysis and finite element analysis) were conducted. In the 
different analyses it was found that the contact area between the pads and the 
disc is of high importance since this area was found to be the most radiating 
area. Furthermore, the braking pressure had been identified as the most 
important parameter affecting the squeal frequency, while rotating speed had 
less importance. 
Beside the common experimental investigation techniques there have been some 
novel experimental approaches. 
James et al. [25] carried out squeal tests on disc brake systems by using a fixed 
array of non-contact displacement transducers. This is an alternative technique 
to optical measurements in ord~r to visualise the modal behaviour while 
squealing. It has been shown that forward or backward travelling waves or 
standing wave behaviour in the brake disc can occur during the squeal event. 
Stationary tests using impact hammer investigations of the brake system for two 
conditions were carried out. First, just the brake disc attached to its hat was 
investigated but without the brake assembly. Secondly, the brake disc was 
investigated with the full brake assembly and hydraulic pressure applied to the 
brake pads. The results of these tests were compared to the operational squeal 
frequencies and especially the second test condition showed partly good 
agreements. Similar investigations to those can be found in the upcoming 
chapters. 
Giannini et al. proposed in [26] the use of the simplified experimental setup to 
conduct parameter studies of the brake squeal on an idealised test rig named 
"laboratory brake". The "laboratory brake", which allows a high variation of 
parameters, can be considered as an experimental bridge between the idealised 
"beam-on-disc model" and a rather complex commercial disc brake assembly. 
The experimental analysis on squeal is used to identify the characteristics which 
can lead to instabilities and to correlate them with the operating parameters and 
with the dynamic behaviour of the system. The measurements highlighted that 
18 
LITERATURE REVIEW 
the pad dynamics have a key role in the selection of the squealing modes at one 
of the out-of-plane natural frequencies of the system. 
2.2.1 Conclusions 
In this section the use of classic experimental testing (modal analysis, 
dynamometer testing, etc.) for brake squeal investigations has been shown. The 
key points found are: 
• There are common procedures to investigate brake squeal on a 
dynamometer. These procedures have not been applied at this stage of 
research. 
• The frequency of brake squeal is often related to the resonance frequencies 
of the brake disc, but is has been found that a coupling with other brake 
components can results in a shift of the squeal frequency. 
• Adding masses or discontinuities can result in a reduction of squeal 
occurrence. 
• Changing the material or geometrical properties of the brake pads can 
reduce the tendency of the brake system to squeal, but can also result in 
lower braking forces or a shorter life cycle of the brake pad. 
• There are various parameter studies with contradictory results, e .. g. some 
show that the brake pressure is significant some show the opposite. This 
example demonstrates clearly that no common agreement for the brake 
squeal conditions have/ can been found in the literature yet. 
• There are a number of interesting investigations in literature which will be 
applied in a similar way in upcoming chapters, such as using non-contact 
transducers to visualise the modal shapes of the disc or modal 
investigations on the disc with applied hydraulic pressure, or should be 
considered in future investigations to the disc/pad interaction (proposed 
experimental setup by Giannini et al. [26]). 
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2.3 Optical measurements 
Optical measurements are frequently used techniques to investigate brake 
squeal. The diverse methods such as ESPI, holographic interferometry and laser 
vibrometer provide visualised results, which can help to understand the 
phenomena of brake squeal occurrence. Due to the high number of papers 
available on optical measurements these have been separated from the 
traditional experimental papers, which are mentioned in the section above. The 
following paragraphs give an overview of the more commonly used optical 
measurement methods and relate these to examples, which can be found in 
literature. More detailed information of the different techniques and their 
application to brake squeal investigations is given e.g. by Chen et al. [27]. 
Electronic Speckle Pattern Interferometry (ESPI) is a non-contact, full-field, three-
dimensional technique which provides fast behaviour analysis of squealing 
brake discs. It is possible to separate in-plane and out-of plane vibration. The 
difference between a pulsed and double pulsed ESPI technique is explained in 
the following. For 'the pulsed three-dimensional ESPI techniques, the 
investigation object is illuminated with a short light pulsed laser, whereby the 
illumination time is just about several nanoseconds, and is simultaneously 
observed from three different directions with high-resolution cameras. Using a 
double pulsed laser two images are taken within a very short duration given by 
the separation of the two laser pulses. Therefore, the deformations of the object 
even during a highly dynamic process can be analysed. With each pulse a 
speckle interference image of the illuminated surface is recorded. The difference 
between these two images includes information about the deformation change 
between the two pulses. 
Figure 2.3 shows the in- and out-of-plane vibration of an excited brake disc 
including a 3D map of the deformation [28-30]. 
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Figure 2.3 ESPl analysed disc brake [28-30) 
Investigation of brake squeal with holographic interferometry is another possible 
method. A series of time rela ted interferograms can be recorded over a cycle of 
excitation of a brake system producing noise. Figure 2.4 shows a hologram of a 
vibrating disc brake found in the literature [31). 
Figure 2.4 Holographic interferometry analysed disc brake [31] 
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Brake squeal analysis with a laser vibrometer is another commonly used 
technique which can be used to obtain surface normal velocity measurements. 
Figure 2.5 shows a squealing disc brake investigated with a laser vibrometer [32]. 
Figure 2.5 Laser vibrometer analysed disc brake [32] 
There is vast amount on published work in the literature on optical 
measurement techniques. Most of them deal with the discussion of how to use 
optical measurements techniques best, but some of the published work also give 
a good insight on what is happing while squealing. Especially Fieldhouse et al. 
[31, 33-36] conducted many studies on disc and drum brake systems using 
double pulsed laser holographic interferometry at Huddelsfield University. 
The key findings are that the waveform motion of the disc mode is complex but 
moving at a speed, estimated by the generated frequency divided by disc mode 
order, in the same direction as the disc rotates and that the vibration of the disc, 
as well as having an out-of-plane component, had significant in-plane angular 
components. In [36] two brake systems of different types were compared, firstly 
a typical car brake and, secondly, a four piston opposed type system, which was 
used on an off-road vehicle. For the analysis of the out-of-plane motion of the 
vibrating disc a mathematical approximation is proposed in [37] by generating 
Fourier series type representations using the least-squares method. In [38-39] 
Fieldhouse et al. investigated in-plane vibration by using holographic 
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interferometry. The investigations showed that the amplitudes of the in-plane 
vibrations can be larger than the amplitudes of the out-of-plane vibrations. In 
[40] Fieldhouse et al. applied optical measurements techniques for investigating 
a heavy-duty commercial twin calliper brake rotor. An asymmetry was 
introduced by drilling sets of holes into the disc rim. These investigations 
showed that by using asymmetries the amplitudes at set frequencies can be 
reduced considerably. 
Also Chen et al. [41 and 42] added asymmetries to the disc in order to reduce the 
tendency of the brake disc to squeal. They used modal analysis to identify the 
modal participation factors for a squealing brake. Therefore the operational 
deflection shapes (ODS) using pulsed ESPI were acquired. By using mass 
loading or added damping the modes between the disc and padl calliper 
assembly could be decoupled and also the vibration of the assembly could be 
reduced, which leads to an elimination of squeal. 
2.3.1 Conclusions 
In this section it has been shown that optical measurement techniques have been 
widely used in the field of brake NVH problems. The obvious advantage of such 
techniques is that it is possible to visualise the measured results, this should then 
lead to better understanding of the problem. Key findings in the section are: 
• The vibration modes of the brake disc while squealing has significant in-
plane vibrations as well as out-of-plane vibrations. 
• The waveform motion of the disc mode is complex but moving at a speed, 
estimated by the generated frequency divided by disc mode order, in the 
same direction as the disc rotates. 
• Inducing discontinuities in the brake disc can lead to an elimination of 
brake squeal. 
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2.4 Mathematical modelling 
This section gives an overview of the mathematical models used for analysing 
brake squeal found in the literature. 
Several investigations using multibody systems with various degrees of freedom 
can be found, which deal mostly with investigations of different excitation 
mechanisms or with the coupling of different system parts. Since the coupling of 
the pad with the disc is not within the main focus of this research only a small 
number of examples are given in following. 
North [43] investigated and discussed in his paper the details of four separate 
theories explaining the underlying mechanism of disc brake squeal. The target 
has been to find the most reasonable approach to model brake squeal to continue 
research in the right direction. The first model discussed, has been developed by 
Jarvis et al. and can be described as a cantilever-disc model, which is represented 
as a two DOF system with kinematic constraints. Two pin on disc models 
developed by Earles et al. are discussed, one examining the squeal mechanism 
with two DOF system using non-linear self-excited vibration and the other one 
with a three DOF system assuming kinematic constraints. The last model 
included in the discussion is the eight DOF model developed by North, which 
investigates binary flutter of two disc modes as squeal generation mechanism. 
No clear statement has been made to which model is the best one to use, they all 
had their advantages and disadvantages. 
The work presented by Watany et al. [44] is focusing on the effect of the brake 
pad manufacturing on the .generation of brake squeal. A simple three DOF 
model has been used to simulate the brake components such as pads, disc and 
calliper. 
El-Butch [45] studied the influences of the tribological properties of the friction 
material on the vibration levels in a disc brake. 
Other mathematical models are continuous vibration models such as beam and plate 
mode/so Flint and Hulten [10 and 46 - 49] used a combination of all these models 
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in their research. In [10 and 46 - 49] a beam model (representing the brake disc) 
has been combined with the other brake parts to form a multi-body system in 
order to analyse the effect of different squeal generation mechanisms such as 
binary flutter, follower forces and lining deformation (figure 2.6). In [49] the 
above mentioned beam model and the investigated squeal generation 
mechanisms have been described in more detail. Additionally, a two 
dimensional plate model has been investigated using Kirchhoff's plate theory. 
The free and the coupled vibrations, when the pads are modelled as beams and 
are connected to the disc, have been analysed. Since one method to eliminate 
squeal is to apply noise damping shims, which is a constrained layer damping 
material, to the backplates of the pads, theories on constrained layer damping 
are reviewed as well. Verification investigations such as acoustic holography and 
FEM have been conducted to verify the findings of the developed models . 
• 
CD 
Figure 2.6 Beam model of brake disc with rigid body modelling of callipers[48l 
Also Ouyang et al. focus in some of their published work on modelling the brake 
disc as a continuous disc model with clamped inner boundaries and on various 
coupling mechanisms with a slider system, designed as a multibody system, and 
with a FE model. In [50 - 52] Ouyang et al. investigated friction-induced 
parametric resonances of a slider disc system. The slid er has been modelled in a 
way to excite the system through the stick-slip phenomena in the in-plane and 
out-of-plane directions. The disc, which was modelled as a flexible member of 
25 
LITERATURE REVIEW 
the model using Kirchhoff's plate theory, stands still and the slider is driven 
around it. A numerical method was used to solve the two coupled equations of 
the motion of the disc and the slider. The results show that normal pressure and 
rotating speed can drive the system into instability. In [53] Ouyang et al. present 
a methodology for the determination of dynamic instabilities in a car disc brake 
using a combined analytical and numerical approach. The disc, modelled 
following Kirchhoff's plate theory, rotates past the stationary components of the 
brake system (pads and calliper), which have been modelled using FEM. The 
friction characteristics have been modelled as pressure- and temperature-
independent. It has been found that the friction coefficient is highly destabilising. 
A similar study is shown in [54 and 55] where the disc/pads interface has been 
treated in a way that the friction-induced vibration is modelled as a moving load 
problem. The predicted unstable modes appeared to be close to the experimental 
results. In [56] in-plane stick-slip vibrations of a two slider system connected 
again to a flexible disc following Kirchhoff's plate theory have been investigated 
by performing a stability analysis. The same system has been used to investigate 
unstable travelling wave behaviour in [57] with the friction modelled as follower 
forces. Then in [58] the friction between the disc and the sliders has been 
modelled in a way to generate a fluctuating couple. A parametric study of this 
system has been conducted. 
Neubauer et al. [59] used a continuous plate model in order to investigate an 
active noise control system in order to eliminate squeal. They presented a 
multibody system which includes a flexible annular disc following Kirchhoff's 
plate theory, with a clamped inner boundary, as well as a piezoceramic which 
can be driven actively with a feedback control or shunted with passive or semi-
active networks. A complex eigenvalue analysis of the system has been carried 
out in order to obtain the optimal parameters for the feedback and the external 
shunt. Additionally the effects of a negative capacitance in the external shunt 
have been investigated. The shunt technique proposed in this paper relies on 
tuning the shunt resonance according to the squeal frequency. For experimental 
verification measurements on a brake test rig have been conducted. 
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2.4.1 Conclusions 
Mathematical models can help to understand the occurrence of squeal and are 
therefore widely used within literature. Multibody systems with various degrees 
of freedom are mainly used to investigate the coupling mechanisms of disc and 
pads. They do not give an insight on what is happening with the disc and on the 
radiation of noise. Therefore more complex systems, such as continuous 
vibration models, need to be used. Key findings for this research are: 
• A beam model can be used as simplified brake disc model. Beam models 
are also widely used in other research areas and therefore are well 
understood. In this section the beam model is mainly used to investigate 
excitation mechanisms of pads and disc. The obvious downside in using a 
beam model is that only one-dimensional effects can be investigated and 
therefore an investigation of different boundary conditions in the second 
dimension is impossible. 
• Also annular disc models have been used to investigate coupling 
mechanisms of pads and disc. Using the correct boundaries the annular 
plate model can be used to model the brake disc in a fair accuracy. In the 
published literature a clamped inner and free outer boundary is used. 
This neglects the effect the hat geometry might have on the resonant 
frequencies of the disc. 
2.5 Finite Element Method approach 
The Finite Element Method (FEM) is a powerful tool to investigate systems with 
a high number of degrees of freedom. Many different methods of investigation 
can be conducted. The following section gives an overview of investigation 
methods and relates these to different examples found in the literature. At this 
point it has to be said that FEM is not within the main focus of this research, 
therefore detailed information about the techniques and processes used are not 
given. 
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One of the rnost commonly used types is the cornplex eigenvalue analysis. It is 
often used for sirnulations of unstable rnodes. The cornplex eigenvalues usually 
result frorn the frictional coupling of pads and disc. Because of the off-diagonal 
terrns caused by the frictional coupling the stiffness rnatrix becomes asymmetric. 
A typical stability chart is shown in figure 2.7. The cornplex eigenvalues with 
positive real parts are unstable rnodes, which appear for an underdamped 
systern in cornplex conjugate pairs. But not all unstable rnodes are efficient in 
radiating sound, only those which involve rotor norrnal motion, are prone to 
brake noise. The rnain disadvantage in using FEM for perforrning complex 
eigenvalue analysis is that it is tirne consuming and needs high computer power. 
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Figure 2.7 Typical stability chart from a complex eigenvalue analysis [60] 
There are various proposals for performing complex eigenvalue analysis; one is 
shown in figure 2.8. 
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Figure 2.8 Proposed complex eigenvalue analysis [61J 
Different tools to pre- or to post - process the complex eigenvalue analysis in 
order to reduce the calculation time or to get more accurate solutions are used in 
the literature. A commonly used tool is the modal participation analysis. With 
this analysis the unstable modes can be quantified and the modal coupling 
mechanisms associated with a specific brake squeal can be derived [62]. 
Another method, which is often used, is the non-linear transient analysis. This 
method provides accurate simulations of the dynamics of the system, but also a 
huge amount of data. Complex material behaviour as well as the highly 
nonlinear contact phenomenon can be taken into account. 
Most of the published literature in the field of FEM focuses on investigating 
different FE modelling tools in order to get more accurate results. The difficulty 
in getting good results is to model the contact of pads and disc. Additionally to 
the investigations on the coupling various parameter studies on brake squeal 
have been conducted, which do no~ give more insight into brake squeal than the 
experimental results already mentioned earlier. The advantage of FEM is that 
such parameter studies can be conducted without producing any prototypes and 
without conducting any time consuming tests. As mentioned earlier a 
comprehensive review has been done by Kinkaid et al. [3] and Ouyang et al. [6]. 
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Only two published papers are mentioned in the following, since those play a 
significant role within this research. 
In [63) Bae and Wickert investigate the free vibrations of disc-hat structures, such 
as automotive brake discs, analytically using FEM and laboratory experiments. 
The particular interest of these investigations has been to gain an understanding 
of the role played by the depth of the hat element in influencing the in-plane and 
bending vibrations of the disc. A prototypical model of a disc-hat structure has 
been analysed in which vibration of the disc couples with an open cylindrical hat 
element attached at the inner boundary of the disc. For experimental validation 
of the natural frequencies solid disc-hat structures machined from aluminium 
have been used. The results of the investigations show that the hat geometry has 
a huge influence on the natural frequencies of the in-plane vibrations, which are 
shown to be at a much higher frequency than the out-of-plane vibrations. The 
influence on the out-of-plane vibrations has been found to be lower but still 
significant. 
In [64) Cao et aL analysed a brake disc in the low squeal frequency range (below 
the first in-plane mode at 6000 Hz) using an analytical as well as a numerical 
(FEM) approach to estimate the natural frequencies of the brake disc. It has been 
said that the spring stiffness at the inner boundary of the disc as well as the plate 
thickness have been used as tuning parameters in order to get a good correlation 
to the experimental results. It has not been shown how the spring stiffness at the 
inner end has been applied. 
2.6 Conclusions 
It can be seen that a large number of publications has been made with regard to 
brake NVH and especially to brake squeaL This underlines the high interest of 
the industry in researching this topiC. This chapter has given an overview of 
most of the techniques applied in order to analyse brake squeal. 
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Optical measurements such as ESPI and holographic interferometry are strong 
tools for the experimental investigation of highly dynamic processes of brake 
squeal. It has been highlighted that the in-plane vibrations of a disc can 
contribute to brake squeal generation. However, in [64) the in-plane motion was 
found to have a low influence in the frequency range below 6 kHz. According to 
this the mathematical model in this research neglects these vibrations and puts 
its focus mainly on the out-of-plane vibrations. The optical measurements 
conducted in the literature showed good results for visualising brake squeal on 
various test rigs, such as the '4 and the 'h vehicle test rig, but conducting such 
measurements is very cost intensive due to the required measurement 
equipment. These measurements therefore could not be conducted within this 
research and more traditional measurement techniques were applied. One of the 
most common techniques is the modal analysis of various parts of the disc brake 
system within the field of experimental testing. The modal analysis using 
microphones or accelerometers is a useful and simple technique in order to 
identify the vibrational behaviour of individual parts of the brake system. 
Additional to the modal testing various other measurements have been 
conducted on a dynamometer. This way of measuring allows the whole brake 
system to be analysed· with regard to various parameters such as rotational 
speed, operational temperature, applied pressure and friction coefficient. These 
studies concluded that the coefficient of friction is the most influencing 
parameter resulting in squeal at a high friction value [e.g. 14). Therefore, various 
measurements have been undertaken on the friction material [16-19). In the 
present research the modal analysis technique as well as dynamometer testing 
has been applied. 
The use of FEM models shows promising results, e.g. in [63) a FEM model has 
been used to investigate the vibrational behaviour of different coupled disc-hat 
structures. The investigations show the importance of modelling the inner 
boundary of the disc in a way that the hat geometry can be incorporated. It also 
can be found in [63) that the in-plane vibrations for a disc-hat structure appear at 
much higher resonant frequencies than the out-of-plane vibrations. This is in 
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agreement with the finding of [64]. Since FEM modelling is very time consuming 
and does not necessarily deliver insight into the physical behaviour of the 
system a FEM model has 'not been developed for this thesis, 
Various mathematical models have been developed and presented in the 
literature. In order to investigate the whole body dynamics of the brake disc 
continuous systems such as beam, used amongst others by Flint and Hulten [10 
and 46 - 49], and plate models, intensively used by Ouyang et al. [50-58], have 
been found to be most useful due to the possibility of high parameter variations. 
Most of the mathematical. models found in the literature investigate the 
excitation mechanisms and instabilities of the brake system. The focus of this 
research is to develop a mathematical model of the brake disc which describes 
and is able to visualise the vibrational behaviour of the brake disc during squeal 
in order to correlate the findings directly with the measured results. 
In the following a summary is given about what is known and what should be 
considered when using a continuous system model to investigate the vibrational 
behaviour of a brake disc: 
• Brake vibrations are highly sensitive to the geometrical and material 
properties of the brake disc. Most of the standard brake disc are 
manufactured from grey cast iron 
• Non vented disc brakes are normally used on rear brake systems, since 
the braking force is lower. Currently there are no mathematical models 
using continuous systems on vented brake discs. 
• Brake squeal, as a self excited vibration phenomenon, is closely related to 
the natural frequencies of the brake disc [14 and 22]. In the lower 
frequency range (below 6 kHz) mainly out-of-plane vibrations occur. 
Above 6 kHz in-plane as well as out-of-plane modes can occur. 
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• The hat geometry has a significant influence on the vibration frequencies 
of the disc but it is neglected by most of the literature. Most of the above 
named authors use a clamped inside boundary when using a continuous 
plate model, which would indicate that the hat is rigid. 
• Various excitation mechanisms have been investigated, but as mentioned 
above, they will play a minor role in the research described here, which 
focuses on the disc response. 
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3 Beam Model 
In this chapter the development of a beam model with cyclo-symmetric 
boundary conditions used to investigate brake disc vibrations is shown. The 
concept behind using a beam model for brake squeal investigation is based on 
the investigations conducted by Reeves et a1. [65] and Flint and Hulten [10]. The 
beam theory is assumed to be a valid approach to simulate brake disc vibration 
in a highly simplified way. The validity of this simplification when applied to 
typical brake dimensions is assessed later in this chapter. In the first section an 
overview of the applied beam theory is given. Using an infinite beam has been 
thought to be a first approach of modelling a brake disc using the beam theory, 
but since an infinite beam does not have any eigenfrequencies a finite beam 
model had to be developed. The modulus of the mobility of the equivalent 
infinite beam still can be used to make a statement about the behaviour of the 
structure. The wave based calculations of a semi-infinite and an infinite beam are 
shown in Appendix Al and A2. In section 3.2 the calculation of the mobility of 
the proposed cyclo-symmetric beam model is shown using a wave and a modal 
based approach. The idea behind this beam model is to unwrap the brake disc to 
a straight finite beam and to implement appropriate boundary conditions. The 
curvature of the disc brake has been neglected, since brake squeal is a high 
frequency phenomena and curvature effects are only expected to be significant at 
lower frequencies [66]. The results of these calculations are verified by different 
experimental investigations, including measurements on a large and a small 
diameter steel ring and an annular plate. Additionally shown in this chapter is 
the calibration setup for accelerometer measurements. In the final sections the 
results are discussed and a conclusion is given. 
3.1 Beam Theory 
In this paragraph the Euler-Bernoulli theory of beam bending is used to give an 
overview of wave motions in uniform beams. The key attribute of this theory is 
the neglect of shear deformation and rotary inertia in the beam. Therefore, the 
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theory is not valid in the very high frequency range. If the wavelength is less 
than six times the thickness of the structure the Timoshenko theory, should be 
used [67]. Figure 3.1 shows the sign conventions for positive beam deflection u(x, 
t), shear force 5 and bending moment M. 
Figure 3.1 Sign conventions for straight uniform Euler-Bemoulli beam [68] 
To determine the equation of motion for a beam the second law of Newton has to 
be applied. In references [69] and [70] the single steps of how to derive the 
equation of motions are explained in detail, with the formulas for the bending 
moment, M(x,t), and the shear force, S(x,t), given as: 
a S(x, t) = -M(x, t) 
ax 
Using these equations the equation of motion can be derived to: 
~.[E.I(X).(a2u(x,t))]+P.A (x)a2u(x,t) =F(x t) 
ax2 ax2 a at2. , 
(3-1) 
(3-2) 
(3-3) 
E and p are the Young's modulus and density of the beam material, lex) is the 
second moment of inertia of the cross-section of the beam about its neutral axis, 
Aa is the area of the beam cross-section and F(x,t) is the applied force. In the next 
step the free vibration of a uniform beam is taken into account that means cross-
section changes along the beam and excitation of the beam are neglected, 
therefore, the equation of motion can be simplified to: 
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E.I. a4 U(X,t) +p.A . a2U(X,t) =0 
aX4 a at2 (3-4) 
The single steps of solving the differential equations are not explained in detail 
within this thesis, they can be found for example in references [68] and [70]. The 
general solution of the differential equation for a wave based approach is: . 
(3-5) 
~ ______________ ~ ______________ J 
spatial part of solution 
with the wavenumber, k, given as: 
~'A 'C02 k = 4 a E·I (3-6) 
Four wave terms can be identified in the spatial part of the solution, which are 
illustrated in figure 3.2: 
[\/\7\11 IX/\/\/J 
Figure 3.2 Near field waves (AI and A,), Propagating waves (A, and A.) 
The waves Al and A2 are exponential decaying waves, they exist only close to a 
source or a discontinuity. In the literature they are called evanescent waves or 
near field waves. The waves AJ and A4 are called travelling waves or 
. 
propagating waves. These waves propagate the energy and would continue to 
infinity in an infinite non damped structure [68]. 
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The solution of the differential equation also can be re-expressed to an 
alternative from as: 
u(x)=(A,.COSh(k.x)+A 2 .sinh(k.x)+A3 ,cos(k,x)+A4 .sin(k.x)) (3-7) 
With A defined as corresponding amplitudes, which are different to those from 
the wave based approach. 
After solving the differential equation of motion the next step is to estimate the 
wave amplitudes Al to A4. In order to do so the boundary conditions of the beam 
have to be known. In the next paragraphs the different wave amplitudes Ai are 
estimated for a semi-infinite beam, an infinite beam and for the proposed finite 
beam model with cyclo-syrnrnetric boundary conditions. The results of these 
calculations are expressed using frequency response functions, which have the 
advantage that the results of different investigations can be compared easily to 
each other, since they have been made· independent of the force. For the 
investigation within this thesis the main frequency response function used is the 
mobility. One of the reasons for using the mobility is that the sound pressure 
radiated from the vibrating structure is directly related to its surface velocity. 
The Frequency Response Functions (FRF) are defined and linked together as: 
Receptance (m/N) 
Mobility (m/s/N) 
u(ro) 
F(ro) 
v(ro) u(ro). 
-=--'j'ro F(ro) F(ro) 
Inertance or Accelerance (m/s2/N) ~~~ = ~~:~. j. ro = ~~~ (_ro2 ) 
(3-8) 
(3-9) 
(3-10) 
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3.2 Finite beam model with cyclo-symmetric boundary 
In this section the development of a finite beam model with cyclo-symmetric 
boundary conditions is shown. 
3.2.1 Wave based approach 
A straight beam of finite length 2L is excited by a force at the point x=O as shown 
in figure 3.3. The coefficients Al and A2 represent the amplitudes of the near field 
waves close to the force and the coefficients A3 and A4 represent the amplitudes 
of the propagating waves, which travel away from the forced excitation. Cyclo-
symmetric boundary conditions mean that the coefficients As, A7, A6 and As 
represent the amplitudes AI, A2, A3 and A4, respectively, continuing beyond the 
boundaries at x = L and x = -L. The wave motions in the positive (right) and the 
negative direction (left) are described in equation (3-11) and (3-12), respectively . 
. . 
..t, ~~~"«"I:A·Ilc"··~.'~¥"~:~~"'~l'..t ~"~#'"tf "I:lf-.m'v t,#",~, .. ·I:'1iJ,>~ 4-1t "~'uii.~~ ,_ ~Jl .. "ft',,,, ' ''''b~ '",fI.~.!'Yt '- '.,tI ~" ,hI}) 'ffi ,,~~ rJ'i.V 
L L 
x =-L x=O x=L 
f(t) = Fo . e jrot 
Figure 3.3 Sketch of a finite beam of length 2L excited by a forceJ(t), at the point x = 0 
The displacement in the positive (right) direction is: 
(3-11) 
The amplitude A2 represents a near field wave caused by the excitation at point 
x=O and the amplitude A4 a propagating wave, which propagates from the point 
of excitation to the right hand side. As is the amplitude of the near field wave, 
which represents Al continuing beyond the boundary of x=-L. Since near field 
waves decay after a short distance the amplitude As is expected to be very small. 
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The amplitude Ai, represents a propagating wave, which is equal to A.3 
continuing beyond the boundary x=-L. The displacement in the negative (left) 
direction is: 
(3-12) 
The amplitude Al represents a near field wave caused by the excitation at point 
x=O and the amplitude A.3 a propagating wave, which propagates from the point 
of excitation to the left hand side. A7 is the amplitude of the near field wave, 
which represents A2 continuing beyond the boundary of x=L. Since near field 
waves decay after a short distance the amplitude A7 is expected to be very small. 
The amplitude As represents a propagating wave, which is equal to A4 
continuing beyond the boundary of x=L. 
In the following equations the boundary conditions of the finite beam with cyclo-
symmetric behaviour are described: 
1. u+(O)=uJO) (3-13) 
2. au+ (0)= au_ (0) 
ax ax 
(3-14) 
3. a
2
u+ (0) = a2u_ (0) 
ax 2 ax 2 
(3-15) 
4. a
3
u+ (0)- a3u_ (0) = ~ 
ax 3 ax 3 E·I 
(3-16) 
5. uJL)= uJ-L) (3-17) 
6. au+ (L) = au_ (_ L) 
ax ax 
(3-18) 
7. a
2
u+ (L) = a2u_ (- L) 
ax 2 ax 2 
(3-19) 
8. a
3
u+ (L)- a3u_ (- L) = 0 
ax 3 ax 3 
(3-20) 
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The boundary conditions follow the same systematic as for the infinite beam. 
Therefore, the first four boundary conditions, which describe the system 
behaviour at the excitation point, are exactly the same as for the infinite beam. 
Boundary conditions 5 to 8 describe the system behaviour at the ends leading to 
the cyclo-syrnrnetric system. The only difference between the boundary 
conditions for the excitation point and the ends is that no external forces are 
applied at the ends, therefore, the sum of the shear forces has be equal to zero 
(condition 8). 
-1 -1 1 -1 -1 A, 0 
-1 -1 - j - j j A, 0 
-1 1 -1 1 -1 -1 A, 0 
-1 -1 j j -j -j A, FiE' 
= E .1. k' 
_ e-k-L e-k.L _e- j-U e- j -k .L _ e j ·k -L e i-k-L _ e k.l e k.L As 0 
_ e -k-L _ e -k·l 
_ j·e-1H _ j . e -j-k-L j. e i·k .L j . e j·k·L eH e k.l A. 0 
_ e-k.L e -k-L e -lk·L _ e -j.k-L e lk.L _ e J·k.L _ e k -L e k-L A, 0 
_ e-k-L _ e -k·l j·e-1H j·e-lk-L _j·e IH _ j·e lH e k-L e k -L A. 0 
(3-21) 
The solutions for the amplitudes A)-As which describe the wave motion of the 
beam are found by solving the above matrix system: 
4.E.I.k3 .(ek.l-e kl) (3-22) 
F eWl A34 = A3 = A4 = -j. 0 . ( ) 4. E ·1· k3 ,e jkl - e jkl (3-23) 
F e- jk.l 
A -A -A - J' 0 56 - 5 - 6 - - . 4. E .1. k3 . (ej-k-L _ e-j-k-L ) (3-24) 
A - A _ A _ _ Fo . e-kl 
78 - 7 - 8 - 4 E 1 k3 ( k·l -k·l ) 
. .. . e -e 
(3-25) 
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The amplitudes show a symmetry of wave motion around the excitation 
location, x = 0, as expected. The displacement of any point on the beam can be 
found by substituting equations (3-22)-(3-2S) into equation (3-11) and (3-12). The 
overall displacement is: 
u{x t) = (A . e -k1xl + A . e -iklxl + A . eik1xl + A . ek·lx1 ). ei''''' 
'12 34 56 78 (3-26) 
The same material and geometrical properties as in section 3.2 have been used in 
order to calculate the point mobility of the finite beam with cyclo-symmetric 
boundary conditions. 
For the calculation a complex Young's modulus is used in order to simulate the 
damping behaviour of the structure. The complex Young's modulus is defined, 
using the loss factor 11 which has been estimated from measurements on a steel 
ring in Appendix A3, as: 
E' = E (1 + j . 17) 
(3-27) 
with 17=2.4 .10-3 
In figure 3.12 the modulus of the point mobility of the finite beam with cyclo-
symmetric boundary conditions is shown in a frequency range of 1 to 
3200 Hz in a logarithmic scale (blue solid line). The theoretical value of the point 
mobility of the excitation location has been obtained assuming a unit force, thus, 
Fa = 1.0, and substituting the derived wave amplitudes, AI-As (equations (3-22) 
to (3-2S)), into the displacement u(x). Additionally shown in the figure 3.4 is the 
modulus of the point mobility of the equivalent infinite beam calculated using 
equation (A2-19) (red dashed line). Applying higher structural damping (SOx 
bigger) it can be seen clearly in figure 3.S that the mobility of the finite beam 
follows the trendline of the equivalent infinite beam structure. 
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Figure 3.4 Modulus of point mobility of finite beam model (blue solid line) vs. equivalent infinite 
beam (red dashed line), frequency range of 1-3200 Hz, logarithmic scale 
Figure 3.5 Modulus of point mobility of finite beam model (blue solid line) vs. equivalent infinite 
beam (red dashed line) with high structural damping applied, frequency range of 1-3200 Hz, 
logarithmic scale 
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3.2.2 Modal based approach 
In [67] the following formula can be found, which expresses the system response 
to any arbitrary excitation in terms of the eigenfunctions and eigenfrequencies of 
the system. 
(3-28) 
With p defined as pressure and the norm or modal mass A defined as: 
L 
An = Jp.A·Cj>n(X)2dx (3-29) 
-L 
For the case of a forced excitation at the centre of the beam the eigenfunctions <j>n 
are defined as: 
(3-30) 
In the case of free vibration additional modes (Cj>n(x)=sin(k.L)) need to be 
included. Using equation (3-7) and the boundary conditions (3-13) - (3-20) a 
matrix system can be set up and setting the determinant of this matrix system 
equal to zero the eigenfrequencies can be found as: 
n·n k =-
n L 
For the point of excitation x' the force integral can be reduced to: 
(3-31) 
(3-32) 
43 
·- .., BEAM MODEL 
In figure 3.6 the results of the modal summation approach are compared to those 
from the wave based approach. For the calculations the same geometrical values 
and material properties have been used. For the modal summation approach the 
modes from n=O up to n=15 are summed up. It can be seen that both approaches 
come to identical results. 
lifr---__ --__ ,-~~,,----~----,,_, __ or----~ __ --_c~~ 
L=1428 min 
E=2iooOON/mm' 
..... .. ........ p~7~Okg{mJ. 
. i i I 
Frequency 1Hz 
Figure 3.6 Modulus of point mobility of finite beam model using the wave based approach (blue 
solid line) vs. modal based approach (red dashed line), frequency range of 1-1000 Hz, logarithmic 
scale 
3.3 Experimental setup and measurement method 
In the next paragraphs the course of activities of measurements for the validation 
of the beam model is explained. The calibration setup can be found in appendix 
A4. 
3.3.1 Large diameter steel ring 
As mentioned earlier in this chapter the infinite beam was considered as the first 
step towards building up an analytical model for brake squeal investigations. 
Since an infinite beam does not have any natural frequencies a finite beam model 
has been developed. In order to validate this model an appropriate measurement 
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structure had to be designed. Instead of an infinite beam a large diameter steel 
ring, which reflects cyclo-symmetric boundary conditions, with the foUowing 
dimensions was built (figure 3.7): 
thickness d=5mm 
08.: mm 
0950 mm 
Figure 3.7 Dimensions of large diameter steel ring 
The ring was suspended verticaUy on thin wires from a large steel frame and 
excited by an electrodynamic exciter using a random noise input over the 
frequency range of 0-3200 Hz. The vibrational response of the ring was measured 
by placing an accelerometer at the excitation location. Figure 3.8 shows a 
photograph of the experimental setup for the ring. The electrodynamiC exciter is 
attached via a force transducer at the bottom of the ring at the mid diameter of 
the ring (900mm) and the response acceleration is measured using an 
accelerometer positioned on the opposite side of the ring to the force transducer. 
The acquired data were post processed to calculate the point mobility of the ring. 
For the measurement the same equipment and measurement setup as for the 
calibration is chosen. A sketch of the measurement setup is shown in figure 3.9. 
Figure 3.8 Measurement setup of large diameter steel ring supported vertically by thin wires 
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Figure 3.9 Sketch of measurement setup of large diameter steel ring supported vertically by thin 
wires 
3.3.2 Small diameter steel ring 
The same investigation as for the large diameter steel ring supported by thin 
wires is repeated using a much smaller steel ring. The ideas behind this 
investigation are to repeat the measurement with a different measurement object 
and to check the influences of the curvature. In figure 3.10 the dimensions of the 
small diameter ring are shown. Similar to the large diameter steel ring the small 
diameter steel ring has excited at the mid diameter (146.5 mm): 
thickness d=6.8mm 
010mm 
12! 153 mm 
Figure 3.10 Dimensions of small diameter steel ring 
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3.3.3 Brake disc with its hat removed - annular plate 
In the next step a brake disc with its central hat removed is investigated and the 
measurement results are compared to the finite beam model. The target of this 
investigation is to analyse whether the finite beam model is suitable to simulate 
the brake disc, being a plate-like structure. In figure 3.11 the measurement setup 
of the annular plate with its dimensions is shown. For these investigations a 
smaller accelerometer is used to increase the measurable frequency range and to 
decrease the mass influence on the test structure. At the top of the photograph in 
figure 3.11(a) the electrodynamic exciter can be seen attached to the underside of 
the plate at the mid diameter of the disc (211 mm). FRF and mode shape 
measurements were conducted by measuring the applied force at the excitation 
location and response accelerations at 16 equidistant locations around the plate 
at the mid-radius distance between the inner and outer edges. With these 
investigations the point mobility can be estimated and additional to that the 
mode shapes can be identified and allocated to the resonant frequencies by 
analysing the measurement responses around the disc. 
(a) (b) 
0262 
thickness d=14 mm 
Figure 3.11 Brake disc with its central hat removed put on a foam bed and its dimensions 
3.4 Results and Discussion 
In this chapter the experimental investigations have been compared to the results 
of the beam model simulations. 
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3.4.1 Large diameter steel ring 
In figure 3.12 the comparison of the modulus of the measured point mobility of 
the experimental ring (red dashed line) with a theoretical prediction of the point 
mobility from the cyc!o-symmetric beam model developed in section 3.2 (blue 
solid line) over a frequency range from 1 to 3200 Hz is shown. Also shown in 
figure 3.12 is the modulus of the point mobility of the equivalent "infinite" beam 
(red dotted line), calculated using equation (A2-19). 
,,/ .• ;. - .;, .......... j ~ •. ~ 
;. 
; 
! " 
.., .... ~.~,.:.+ .. 
j i 
' L=l~mm 
E=210000N/ IXlI)1' 
:p=7S50kg/ m' .. 
•• ~ "':'" :'. t, 
Figure 3.12 Modulus of point mobility of large diameter experimental steel ring:-(blue solid 
line) theoretical prediction; - - - (red dashed line) measured results; and ..... (red dotted line) 
equivalent "infinite" beam 
It can be seen in figure 3.12 that both the theoretical prediction (blue solid line) 
and the measured data (red dashed line) follow the trend of the equivalent 
"infinite" structure (red dotted line), thus, indicating beam-like behaviour. 
Figure 3.13 shows that the difference between the measured resonant frequencies 
and the predicted natural frequencies in the frequency range above 100 Hz is 
relatively small. Above the frequency of 500 Hz it is approximately 5%. 
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Figure 3.13 Difference in percent between the measured resonant frequencies of the large 
diameter steel ring and the predicted natural frequencies of the beam model 
At low frequencies it is likely that the effect of curvature becomes more 
significant on the measured data. Previous work on curved beams has shown 
that curvature effects are important for predominantly flexural waves below 
approximately 0.1 of the ring frequency (66). In reference (66) the curved beam 
was oriented in a way that the beam thickness in the radial direction was very 
small and, thus, coupled bending-extensional vibrations would occur in the 
radial and circumferential directions. For the experimental steel ring considered 
in this study the phase speed of extensional waves, co, can be estimated using 
formula (3-34) to be 5172 m/so Thus, the ring frequency calculated using 
equation (3-33) is 11494 rad/s or 1829 Hz, assuming r to be the mid-point 
between the inner and outer radii of the ring. Hence, 0.1 of the ring frequency is 
about 183 Hz. 
0). r 
n =-, 
Co 
(3-33) 
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(3-34) 
Although for the experimental steel ring considered here the bending waves act 
in a different direction than for the curved beam considered in reference [66] this 
value can act as a useful guide to the lower frequency limit of the cyclo-
symmetric beam model. A calculation of the frequencies corresponding to half a 
bending wavelength across the beam width (outer radius minus inner radius) 
reveals that plate-like behaviour can be expected above the frequency of 4690 Hz 
which is above the frequency range shown in figure 3.12. 
r 
3.4.2 Small diameter steel ring 
In figure 3.14 the comparison between the modulus of the point mobility of the 
small ring measurements and the calculation results of the beam model with 
cyclo-symmetric boundary conditions is shown. The blue solid line represents 
the calculated modulus of point mobility of the finite beam model and the red 
dashed line the measured modulus of point mobility of the small ring. It can be 
seen, that there is poor agreement between the measured and predicted values in 
either frequency or amplitude. The reason for the mismatch could be due to 
curvature, which means that the beam model only can be applied to rings with a 
large diameter. Using formula 3-33 a lower limit of 1124 Hz can be calculated, 
which covers much of the shown frequency range. In the frequency range 
between 1124 Hz and 3200 Hz only a small numbers of modes exist, so no 
correlation can be found. Additional investigations which cover a frequency 
range would be necessary. 
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Figure 3.14 Modulus of point mobility of small diameter experimental steel ring:-(bluesolid 
line) theoretical prediction; - - - (red dashed line) measured results 
3.4.3 Brake disc with its hat removed - annular plate 
Figure 3.15 shows the measured modulus of the point mobility of the brake disc 
with its hat removed (red dashed line) compared to the calculated modulus of 
the point mobility using the beam model with cycio-symmetric boundary 
conditions (blue solid line). The comparison of the modulus of the point mobility 
of the beam model to the annular plate measurements shows a good agreement 
between measured resonant frequencies and calculated natural frequencies 
especially for the higher modes. The circumferential lengths used to calculate the 
point mobility of the beam is slightly higher than the circumferential lengths at 
the actual point of excitation (mid radius). A reason for this might be that due to 
the size and the fixation of the force transducer the excitation point was not 
exactly at the mid point of the inner and outer radius. Most of the modes shown 
in figure 3.15 are above the lower frequency limit of 614 Hz, which can be 
calculated using formula 3-33 and 3-34. The choice of the material properties 
used for the calculations is explained in section 4.2.4.1 in more detail. 
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Figure 3.15 Modulus of point mobilHy of brake disc with its central hat removed: - (blue line) 
theoretical prediction; - - - (red dashed line) measured results 
3.5 Conclusions 
• The calculated point mobility of the wave based approach shows identical 
results to the modal summation approach. But the calculation time using 
the modal summation approach is slightly higher. 
• The modulus of the point mobility of the beam model with cyclo-
symmetric boundary conditions shows a good agreement in comparison 
to the measured modulus of point mobility of the large diameter steel ring 
above 100 Hz in frequency. The differences in the amplitudes are likely to 
be due to the position of the electrodynamic exciter and the accelerometer 
across the disc. Both measurement and calculation results follow the 
trendline of the modulus of point mobility of the equivalent infinite beam 
structure, which indicates beam-like behaviour. 
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• The calculation results of the proposed beam model show very little 
agreement in comparison to small diameter ring measurements in 
frequency and amplitude for the shown frequency range. The 
measurement results might be influenced due to the tighter curvature of 
the small experimental steel ring. 
• The comparison of the results of the FRF measurements of the brake disc 
with its central hat removed and with a theoretical prediction from the 
cyclo-symmetric beam model shows a good agreement especially for 
higher mode numbers. 
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4 Static Disc Model- Free Vibration 
In this chapter a mathematical model to estimatec the vibrational behaviour, 
including the natural frequencies, 'of a non vented brake disc using annular plate 
theory has been developed. In the first section a summary of the plate theory 
used for subsequent analyses is given. The main problem for the development of 
a plate model for simulating the vibrational behaviour of a brake disc has been to 
choose the inner boundaries. Therefore, in the following sections and appendix 
AS the three standard cases for the inner boundary, (i) free, (ii) simply 
supported, (iii) clamped, are individually investigated and compared to the 
literature. The outside boundary condition is always assumed to be free. The 
literature mainly used is by Vogel and Skinner [71], which shows the same 
results as the literature by Leissa [72] and by Southwell [73]. In section 4.2.2 the 
development of a novel approach is shown. The outside boundary condition is 
kept free but the inner boundary is assumed to be spring supported in order to 
incorporate the influence of the disc hat. For all four cases the natural frequencies 
and the mode shapes of the mathematical model are given for different 
examples. 
In section 4.2.3 the experimental setup for the different measurements is 
described. To investigate the free - free static disc model the central hat of the 
brake disc has been cut out and the disc has been put on a bed of foam and its 
point mobility and mode shapes have been measured. In the next step the brake 
disc itself is investigated. For measuring the natural frequencies and mode 
shapes the brake disc has been fixed to a static rig and accelerometer 
measurements in the radial and the circumferential direction have been 
conducted. For validation of the findings a modified brake disc with a reduced 
disc thickness has been investigated using the same measurement technique. 
Additionally, an investigation of the influences of the static rig on the brake disc 
measurements has been conducted. In section 4.2.3.S the experimental setup for 
the microphone measurements is shown. This measurement technique has been 
applied to validate the accelerometer measurements and to have a non contact 
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measurement technique which can be used on the spinning disc measurements 
described in chapter 6. In the final sections results are presented and compared 
with the theoretical predictions. A discussion of the results including a 
repeatability investigation and a comparison of the mode shapes from the 
different mathematical models as well as a number of conclusions is given. 
4.1 Annular plate theory 
The theory used, following Kirchhoff and Rayleigh, assumes small deflections 
and neglects the influence of rotary inertia and the additional deflections caused 
by shear deformation. Therefore the theory, analogous to the beam theory, is 
. . 
only valid, if the wavelength is bigger than six times the thickness of the plate [71 
and 73]. 
In figure 4.1 a schematic sketch of a free - free disc in a cross - sectional view is 
shown, whereby a and b are the inner and outer radius and the thickness is 
stated as h. 
1r=0 
1 
Jlu(~r,~e,~t)~~~~~~~==jl==~~~~~~~~~th 
1 
1 
~ 
1 b 
Figure 4.1 Sketch of free - free disc, cross - sectional view 
The differential equation of motion governing the displacement in lateral 
direction u(r, e, t) of a point along the central plane of the plate can be written in 
polar coordinates (r, e) in the form: 
D V4 (e t) h a2u(r,e, t) 
. . u r, , + p. . --::a"ce;;-..c o (4-1) 
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whereby p is defined as mass per unit area and the flexural rigidity 0 as: 
(4-2) 
with v defined as Poisson's ratio. According to the literature the Laplacian 
operator "\72 is : 
(4-3) 
whereby "\74 is defined as: 
(4-4) 
A solution for the differential equation of the following type can be assumed: 
u(r, e, t) = u(r,e). sin(oo· (t - to)) . (4-5) 
The time independent general solution, assuming Fourier components, can be 
written in polar coordinates as: 
n=O 
f[A' . I n (kr)+ B' . Yn (kr)+ C· ·In (kr)+ 0" . Kn (kr)]. sin(n. e) 
n=l 
with the wavenumber, k, given by: 
2 
4 p. 00 k =--
o 
(4-6) 
(4-7) 
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and with In as a Bessel function of the first order, Yn as a Bessel function of the 
second order and In and Kn as modified Bessel functions of the first and second 
order, respectively. The terms involving sin(ne) are not taken into consideration, 
since the boundary conditions possess symmetry with respect to one or more 
diameters of the annular plate, therefore, the following term describes a typical 
mode: 
U(r, e)= (A. In(kr) + B· Vn(kr)+ C .In(kr) + O· . Kn(kr )). cos(n. e) (4-8) 
Equation (4-8) rewritten using a wave expression gives: 
where A, B, C and D' are the unknown coefficients. Expressions for the shear 
forces, the bending moment and the twisting moment are needed to define the 
boundary conditions. The bending moment in radial direction can be expressed 
as: 
M,(r,e,t)=o.(a2u(r,e,t) +v.(~. au(r,e,t) +~. a2u(r,e,t)JJ 
ar2 r ar r2 ae2 . (4-10) 
For Mr(r, e, t) = 0 the following equation can be developed using the definitions 
of the Bessel functions given in appendix A6: 
k2.\ A.{Jn(kr)-(1-v),[ n(~~r1).Jn(kr)+ :r . In+,(kr)]} 
+ B· {Vn(kr)-(1-v){ n (~~r 1). Vn(kr)+ :r . vn+,(kr)]} 
-C.{ln(kr)+(1-v){ n(~~r1) .In(kr)- :r 'In+,(kr)]} 
_ 0' . {Kn(kr )+(1-v). [n. (n ~ 1) .Kn(kr )+_1 . Kn+, (kr)]}) = 0 (kr) kr 
(4-11) 
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The shear force in radial direction is defined as: 
Or (r,e, t) = -0 . ~. v 2U(r,e, t) 
ar 
The twisting moment is defined as: 
M.., (r,e, t)= -0· (1-v). :r . G. au~~e, t)) 
(4-12) 
(4-13) 
Defining the boundary condition at a free edge is more complex, because at a 
free edge the shear force, the bending moment and the twisting moment must all 
be equal to zero. According to the differential equation of motion, which is of the 
fourth order, only two boundary conditions for each edge are required. 
Therefore, the Kelvin-Kirchhoff edge reaction has been defined which 
incorporates both the shear force in the radial direction and the twisting moment 
[72]. 
Vr (r,e, t) = Or (r,e, t) + ~. aM.., (r,e, t) 
r ae 
(4-14) 
For Vr(r, e, t) = 0 the following equation can be developed using the definitions 
of the Bessel functions given in appendix A6: 
k2 . ( A· {n. I n (kr)- kr . I n+1 (kr)+ n
2 (~~)~ v) . [(n -1)· I n (kr)- kr· I n+1 (kr )l} 
+ B· {n. Yn(kr)-kr. Yn+1(kr)+ n
2 (k~)~v). [(n-1). Yn(kr )-kr· Yn+1(kr )l} 
-C· {n .In(kr )+kr ·In+1 (kr)- n
2 (k~)~v). [(n -1).ln(kr)+ kr . In+1(kr )l} 
(4-15) 
- 0" +. Kn (kr)- kr· Kn+1(kr) n2 (k~)~v). [(n -1)· Kn(kr )-kr. Kn+1(kr)1}) ~ 0 
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4.2 Free vibration of annular plate models 
In this section the natural frequencies for the free - free, simply supported - free, 
clamped - free and spring supported - free annular plate models are 
investigated. Using the four boundary conditions (two for the inside and two for 
the outside edge) a matrix system of equations can be built up; the natural 
frequencies of free vibration can be found when the determinant of this matrix 
system is equal to zero. Later in this section the normalised mode shapes 
corresponding to these natural frequencies are presented. For the normalisation 
the amplitude A of equation (4-8) has been chosen to be equal to one. 
4.2.1 Standard boundary conditions 
Free - free Simply supported Clamped - free 
-free 
inner M,(a,9,t) = 0 u(a,9,t)= 0 u(a,9,t)= 0 
boundary, 
du(a, 9, t) = 0 r= a V,(a,9,t) = 0 M,(a,9,t) = 0 
dr 
outer 
M,(b,9,t) = 0 
boundary, 
r= b V,(b,9,t) = 0 
Table 4.1 Standard boundary conditions for annular plate 
The results for the standard boundaries are shown in appendix AS. The 
calculated values for these boundaries are compared to the literature in order to 
verify the findings. 
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4.2.2 Disc with spring supported inside and free outside boundaries 
I 
~ 
I 
I 
~ h i nfn 
b 
Figure 4.2 Sketch of spring supported - free disc, cross - sectional view 
In appendix A7 it has been assumed that the central hat at the brake disc 
presents either a simply supported or a clamped inner boundary, respectively, to 
the brake disc. In this section it is assumed that the hat is modelled out of springs 
with an equivalent stiffness relating to the hat's geometry and its Young's 
modulus. At the inner boundary of the disc the spring force is assumed to act as 
a distributed force per unit length along a tiny element of the circumference of 
length dU, and, hence, to be equal to the Kelvin-Kirchhoff edge condition 
Vr(r,8,t), acting along the same tiny element of the circumference dU as shown in 
figure 4.3. Since Vr(r,8,t) is defined as force per unit length parallel to the 
circumferential direction 8 [74], then 
fs (r,8, t)· dU = V, (r,8, t)· dU (4-16) 
with the spring force per unit length, fs(r,8,t), given by: 
fs {r,8,t) = k, . u{r,8,t) (4-17) 
By applying Hooke's law to a tiny element of length dU along the circumference 
of the cylindrical wall of the central hat as shown in figure 4.3 the following 
equation can be estimated as (for more detail see appendix A7): 
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u(r,e,t)= f.(r,e,t)·dU.Lo 
E·A. (4-18) 
with the cross-sectional area, Ae, of a tiny element of the cylindrical wall of the 
hat approximated by rectangular dimensions: 
(4-19) 
where, fi2 is defined as the outer radius of the hat and ril as the inner radius. By 
using equations (4-17) - (4-19) an expression for the equivalent spring stiffness 
per unit length, ks, can be found as 
(4-20) 
Substituting equation (4-20) into equation (4-16) leads to the following boundary 
condition at the inner edge of the disc, 
V (a e t)-u(a et). E.(rj2 -rj') =0 
r ,! , , L 
o 
(4-21) 
Note that the inner radius of the disc, r = a, is the same distance as the inner 
radius of the hat, r = ril. For the second inner boundary condition the bending 
moment in radial direction is assumed to be zero at r = a. This assumption has 
been made because in the following experimental investigations there is a groove 
between the hat and the disc (point like connection) and therefore it has been 
thought to reflect the reality better than assuming zero slope. 
(4-22) 
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ru 
dU 
Figure 4.3 Sketch of brake disc including hat dimensions: inner radius, ril ; outer radius, 
r,,; height, Lo; and element length, dU 
The modeshapes of the first six diametral modes without and with the first 
circular mode superimposed are shown in the following figures. The normalised 
displacement (A=l) is plotted over the disc geometry (x and y distance) . 
• 
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0'1 01 
• 
.01 41 .. , 
Figure 4.4 Oth and 1" diametral mode, Oth circular mode of a spring supported -free disc 
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Figure 4.5 2'" and 3'" diametral mode, Oth circular mode of a sprIng supported - free disc 
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Pigure 4.6 4th and 5th diametral mode, Oth circular mode of a spring supported - free disc 
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Figure 4.7 0" and 1" diametral mode, 1" circular mode of a spring supported - free disc 
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Figure 4.82"" and 3'" diametral mode. 1~ circular mode of a spring supported - free disc 
... ~ 
.~ ...... ~ 
•• •• • • 
Figure 4.94'. and 5'. diametral mode. 1" circular mode of a spring supported - free disc 
Table 4.2 shows the calculated natural frequencies of the different modes of a 
sample disc, with spring supported inner boundary condition. The non -
dimensional frequency r, is calculated using equation (A5-5). For the calculation 
of the values in table 4.2 the following values are used: 
r jl = 0.07m Cjz= 0.1315m ~=0.037m 
E=120000 .106 N/m2 p = 7250 kg/ m3 'l = 0.026 
The abbreviation n stands for diametral modes and c for circular modes. 
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fc~lculatedl Hz £calculated! Hz fcalculated! Hz 
£calculatedl Hz 
n c spring free simply 
supported supported clamped 
0 0 682 - 686 2325 
1 0 826 - 836 2383 
2 0 1320 662 1369 2633 
3 0 2248 1784 2334 3224 
4 0 3599 3309 3712 4323 
5 0 5367 5203 5481 5880 
0 1 9599 1529 10914 15242 
1 1 9864 2783 11255 15503 
2 1 10660 4995 12261 16286 
3 1 12001 7550 13889 17589 
4 1 13933 10504 16097 19411 
5 1 16512 13944 18855 21757 
Table 4.2 Calculated natural frequencies for a spring supported - free disc compared to the 
natural frequencies of free- free, a simply supported-free and a clamped-free disc 
In figure 4.10 the natural frequencies of the spring supported - free disc with 
14 mm thickness as a function of the length of the hat are plotted for the second, 
third, fourth and fifth diametral mode. It can be seen that the frequency for a 
short hat length, which is equal to having a high stiffness, is equal to the natural 
frequency of a simply-supported -free disc. For a long hat length, which is then 
equal to having a low stiffness value, the frequency is equal to a free free disc. In 
figure 4.11 the natural frequencies of the spring supported - free disc with 
10 mm thickness as a function of the length of the hat are plotted for the second, 
third, fourth and fifth diametral mode. 
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Figure 4.10 Frequency vs. Length of hat for 2nd, 3"'. 4th and 5'h diametral mode of a disc 
with 14 mm thickness 
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Figure 4.11 Frequency vs. Length of hat for 2nd, 3td ,4th and 5th diametral mode of a disc 
with 10 mm thickness 
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4.2.3 Experimental testing 
For experimental validation of the theoretical plate model diverse measurements 
have been conducted. In table 4.3 the dimensions of the different discs used for 
the measurements are shown. Additionally, in figure 4.12 - 4.13 photographs 
including the dimensions of the main brake disc are shown. As already 
mentioned in chapter 1 the frequency range of interest is between 1000 and 
6400 Hz, therefore, all measurement results are shown within these limitations. 
Due to the frequency range of interest the following investigations have been 
conducted with an electrodynamic exciter rather than using impact excitation, 
which has a limited frequency range If not stated otherwise the measurement 
equipment and setup used is the same as in A4 with the 10 kg mass that has been 
substituted with the measurement object. The material properties will be 
estimated using the free - free plate model and aligning its natural frequencies 
with the resonant frequencies of the measurement conducted on the annular 
plate (chapter 4.2.4.1). What should be noted is that at the connection of hat and 
disc is a deep groove, which can be identified in figure 4.13. This grove 
influences the inner boundary of the annular plate model as discussed in section 
4.2.2. 
Test structure 0out&.lde/mm 9inside /mm h /mm 
annular plate 262.3 160 14 
brake disc 
152/140 
(hat length= 262.3 excluding/including 14 
37mm) contact area with 
hat 
modified brake 152/ 140 
disc 262.3 excluding/ including 10 (hat length= contact area with 
37mm) hat 
Table 4.3 Dimensions of the different discs used for experimental testing 
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Pigure 4.12 Main brake disc including dimensions 
Figure 4.13 Main brake disc including dimensions - side view 
In order to investigate the vibration of the brake disc different mowlting 
arrangements have been used: 
• Old Hub: Static rig with 1 bolt fixation (at that point it was not possible to 
attach more bolts) 
• New Hub: Static rig with a five bolt fixation 
• Spinning rig with a five bolt fixation 
4.2.3.1 Brake disc with its central hat removed (annular plate) 
In order to validate the free - free annular plate model presented in appendix AS 
and estimate the unknown material properties of the brake disc, FRF and mode 
shape measurements were carried out on a brake disc with its central hat 
removed, thus, forming an annular plate. The dimensions of the annular plate 
are given in table 4.3. A photograph of the experimental setup is shown in figure 
4.14, where the annular plate can be seen resting on a bed of foam. At the top of 
the photograph the electrodynamic exciter can be seen attached to the underside 
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of the plate. FRF and mode shape measurements were made by measuring the 
applied force at the excitation location and response accelerations at 16 
equidistant locations around the plate at the mid-radius distance between the 
inner and outer edges. 
Figure 4.14 Photograph of the experimental setup used for FRF and mode shape 
measurements on the annular plate 
4.2.3.2 Brake disc attached to stiff frame 
In order to compare the simply supported - free, clamped - free and spring 
supported - free annular plate models developed in appendix A5 and section 
4.2.2, respectively, with experimental measurements, a brake disc has been 
attached to a stiff frame using fixing bolts as shown in figure 4.15. An 
electrodynamic exciter can be seen attached via a force transducer to the top of 
the disc. For the brake disc shown in figure 4.15 accelerometer measurements 
were made at 16 locations around half the disc circumference to investigate the 
modal behaviour in circumferential direction. To identify modal patterns in the 
radial direction a number of accelerometer measurements were also carried out 
between the inner and outer radii of the brake disc. The dimensions of the disc 
used are shown in table 4.3. Two different hubs were used for fixing the brake 
disc to the static rig. The disc could only be fitted to the first hub (old hub) using 
one bolt, therefore, a second hub had to be built making it possible to attach the 
brake disc to the static rig using aU five bolts. 
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Figure 4.15 Photograph of the experimental setup used for FRF and mode shape 
measurements on the brake disc 
4.2.3.3 Modified brake disc attached to stiff frame 
The same investigations as in section 4.2.3.2 have been repeated on a modified 
brake disc. Since previous investigations had shown that the thickness has a 
significant influence on the natural frequencies the thickness of the disc has been 
changed from 14 mm to 10 mm. Further dimension of the modified disc are 
shown in table 4.3. 
4.2.3.4 Influence of mounting arrangements on FRF measurements 
As described in section 4.2.3 different mounting arrangements have been used to 
analyse the natural frequencies of the disc. Comparing the results of the natural 
frequencies with each other should show how big influence of the mounting 
arrangements is and whether the fixation can be assumed to be stiff in 
comparison to the hat stiffness. Additionally FRF measurements of the static rig 
itself, shown in figure 4.18, have been conducted in order to investigate in 
influence in more detail. Therefore, two different positions have been 
investigated. 
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1. Influence of the natural frequencies of the hub 
The static rig has been excited by an electrodynamic exciter attached to 
the rig on the bolt hole circumference using a random input. The response 
was measured using an accelerometer. Figure 4.17 shows a schematic 
sketch of the static rig indicating the positions of the accelerometer and 
the excitation. The same measurement setup is used as for investigating 
the brake disc in section 4.2.3.2. 
..-- accelerometer 
point of excitation 
Figure 4.16 Schematic sketch of the static rig investigations including the excitation point 
(blue) and the position of the accelerometer (red) 
2. Influence of the natural frequencies if the whole rig 
The static rig has been excited by an electrodynamic exciter attached to 
the centre of the hub using a random input. The response was measured 
using an accelerometer. Figure 4.17 shows a schematic sketch of the static 
rig indicating the positions of the accelerometer and the excitation. The 
same measurement setup is used as for investigating the brake disc in 
section 4.2.3.2. 
.....----- accelerometer 
~ - f--pomt 0 excitation 
Figure 4.17 Schematic sketch of whole static rig investigations 
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Figure 4.18 Photograph of static rig used for FRF and modal investigations of the brake 
disc 
4.2.3.5 Sound radiation measurements on brake disc attached to stiff 
frame 
In order to validate the modeshapes investigations of the brake disc attached to 
the static rig and to prepare non-contact measurements on a rotating disc 
(chapter 6) a microphone array has been built. The microphone array, shown in 
figure 4.19, consists of 8 microphones on a 109.5 mm radius with a 20° spatial 
sampling. With a higher spatial sampling rate modeshapes of higher frequencies 
could be analysed, but in order to analyse modeshapes at lower frequencies a 
wide area of the disc needs to be covered with the microphones. 
The following measurement equipment has been used 
• 6 B&K Microphones 14 " 
• 1 Gras Microphone W' 
• 1 B&K Microphone ~ " 
• Electrodynamic exciter 
• Accelerometer (e.g. type 4344, Bruel & Kjaer) 
• Force transducer (e.g. type 8200, Bruel & Kjaer) 
• Loudspeaker 
• B&K Analyser 
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• HP 3566A Analyser 
• Handheld microphone calibrator 
" .. microphone 
4 3 
)i • miorophone 
20 • sp.a ng b IIwe: In 
eoilohmlcfophone 
Figure 4.19 Schematic Sketch of microphone array, used for the investigation of the 
vibrational behaviour of the brake disc fixed to the stiff frame 
Before conducting the measurements a phase investigation of the microphones 
has been conducted. Therefore, one microphone has been chosen to be the 
reference microphone. Each of the other microphone has been paired with the 
reference microphone (figure 4.20, left). Before pairing the microphones each 
microphone has been calibrated using a handheld calibrator. A loudspeaker has 
been put on the opposite side of the anechoic chamber (figure 4.20, right) and the 
HP analyser has been used to generate a random noise output. For both 
microphone of each pair the autospectrum and the cross - spectrum has been 
measured using the B&K Analyser in order to estimate the phase match function 
f. This phase match function can then be multiplied with the actual measurement 
data for the respective microphone in order to match its phase and amplitude to 
the reference microphone. The autospectrum is defined as a complex signal X 
multiplied with its complex conjugated X': 
(4-23) 
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The autospectrum is measured for estimating the amplitudes of each signal. 
Further on the cross - spectrum is used to estimate the phase difference between 
the two different signals of the reference microphone X with the respective 
pairing partner Z: 
~xz(oo)= X(oo) · t (00) (4-24) 
The phase match function f can be estimated to: 
(4-25) 
with (areferena,-{lmicro) estimated using the cross - spectrum and Sxx reference and 
S-x micro using the autospectrum. The square root is needed in equation (4-25) due 
to the definition of the autospectrum, which gives the amplitudes squared. 
Figure 4.20 Photographs of experimental setup used for investigation of the phase and 
amplitude match of the mkrophones used in the array 
The following measurement settings have been used to estimate the phase match 
function: 
• Sampling rate: maximum of 25.4 kHz with 400 lines; has been adjusted 
according to measured frequency 
• Window: rectangular 
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• Recorded data: autospectrum, cross - spectrum 
Figure 4.21 shows the setup of the microphone measurements on the brake disc 
fixed to the static rig. The microphone array is supported in a way that the 
microphones are in distance of 5 mm from the brake disc surface. The sound 
radiation in the near field is assumed to be in direct relation to the out-oI-plane 
surface velocity of the disc [ID]. An electrodynamic exciter has been attached via 
a force transducer to the brake disc. The disc has been excited using a sinusoidal 
signal at the natural frequencies of the mode of interest. These frequencies have 
been estimated using an accelerometer and conducting a FRF measurement 
analogous to section 4.2.3.2. 
The settings for the microphone array measurements are: 
• Sampling rate: maximum of 25.4 kHz with 400 lines; has been adjusted 
according to measured frequency. 
• Window: rectangular 
• Recorded data: time history of sound radiation 
Figure 4.21 Photograph of experimental setup used for investigation the vibrational 
behaviour of a brake ruse fixed to a stiff frame using a microphone a.rray 
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4.2.4 Results and discussion 
4.2.4.1 Brake disc with its central hat removed (annular plate) 
Figure 4.22 displays the measured modulus of the point mobility of the annular 
plate. Also shown is the point mobility of an equivalent "infinite" plate [113] 
calculated from: 
(4-26) 
It can be seen in figure 4.22 that the measured data line does not follow the trend 
of the infinite plate. When half the wavelength is equal to the width of the plate a 
frequency of 10331 Hz can be calculated. Therefore, the measured data does 
follow the trend line of an infinite beam (green dashed line). The resonant 
frequencies of the annular plate are labelled in figure 4.22 and also listed in table 
4.4. In addition table 4.4 shows the corresponding natural frequencies of the 
annular plate calculated using the theoretical model for a free-free disc pre~ented 
in appendix A5. The unknown material properties of a brake disc, which is made 
out of cast iron, were estimated by correlating the measurement resonant 
frequencies to the analytical results of the free - free plate model. For this 
correlation, the Poisson's ratio was kept constant at 0.26, which is representative 
for cast iron and the density was calculated by weighing the structure and 
measuring its volume giving a result of 7250 kg/m3. The Young's modulus in the 
theoretical model was then adjusted until an apparent "best fit" was obtained 
between the predicted and measured values. The best estimate of the Young's 
modulus was found to be 1.2*1011 N/m2• By analysing the accelerometer data 
from the circumferential measurements around the annular plate the mode 
shapes corresponding to each resonant frequency was identified. These modes 
shapes are listed in table 4.4 and the results of the measurements are shown in 
appendix AS. 
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Figure 4,22 Modulus of the point mobility of the annular plate. - (blue solid line) 
measured result; - - - (red dashed line) equivalent "infinite" plate, and - - - (green dashed 
line) equivalent "infinite" beam, frequency range of 500 - 6400 Hz, logarithmic scale 
n fcalc.lHz fmeas./Hz 
2 620 624 
3 1700 1696 
4 3200 3140 
5 5000 4912 
Table 4.4 ComparIson of the natural frequencIes of the free-free d,sc model wIth the measured 
resonant frequencies of the annular plate 
EIN/m' p/kglm3 v 
1.2,10" 7250 0.26 
Table 4.5 Material properties for brake discs 
4.2.4.2 Brake disc attached to stiff frame 
In figure 4.23 the point mobility of the FRF measurements on the brake disc 
attached to the static rig is shown. 
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Figure 4.22 Modulus of the point mobility of the annular plate: - (blue solid line) 
measured resu lt; - - - (red dashed line) equivalent "infini te" plate, and - - - (green dashed 
Line) equivalent "infinite" beam, frequency range of 500 - 6400 Kz, logarithmic scale 
n f",~/Hz fme ... 1Hz 
2 620 624 
3 1700 1696 
4 3200 3140 
5 5000 4912 
Table 4.4 Comparoson of the natural frequenCies of the free-free dISC model with the measured 
resonant frequencies of the annular plate 
E/N/m ' p Ikg/m3 v 
1.2·10" 7250 0.26 
Table 4.5 Material properties for brake discs 
4.2.4.2 Brake disc attached to stiff frame 
Ln figure 4.23 the point mobility of the FRF measurements on the brake disc 
attached to the static rig is shown. 
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Figure 4.23 Modulus of the point mobility of the brake disc: - (blue solid line) measured 
resul t, frequency range of 1000 - 6400 Hz, logarithmic scale, old hub 
To get certainty about the positions of the modes a mode shape analysis has been 
conducted. Therefore the disc was excited by an electrodynamic shaker at a = 0 
with an accelerometer the inertance in circumferential direction around half the 
disc at 16 points was measured. The results of the modeshape analysis are shown 
in appendix A9. Each mode can be clearly identified using this technique. 
To identify the inner boundary the mode shapes have been investigated in radial 
direction as well, the results are shown in chapter 4.2.4.7 
In table 4.6 the natural frequencies of a simply supported - free, a clamped - free 
and a spring supported - free disc calculated using the theoretical models 
developed in appendix AS and section 4.2.2 are compared to the measured 
resonant frequencies of the brake disc. It can be seen in table 4.6 that there is a 
large discrepancy between the predicted clamped-free natural frequencies and 
the measured resonant frequencies of the disc. The differences between the 
simply supported - free model and the measured resonant frequencies are 
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smaller. However, the best correlations with the measured resonant frequencies 
are shown by the natural frequencies predicted by the spring supported - free 
model. However, when comparing the measured results to figure 4.10 it can be 
seen that with the assumed stiffness of the hat there are differences between the 
calculated and the measured results, which indicate that the second boundary 
condition used for the inner end needs to be further investigated. The differences 
of table 4.6 in comparison to table 4.2, especially for the natural frequencies of 
the simply supported - free and c1amped- free disc, is due to the use of a 
different inner radius (here ri=0.07, since the groove of the disc has been 
excluded). 
feak 1Hz fealc. 1Hz 
fealc· /Hz 
n spring fmeas . 1Hz 
clam ped sim ply supported 
supported 
2 3198 1535 1320 1220 
3 3784 2520 2248 2196 
4 4798 3895 3599 3488 
5 6273 5655 5367 5120 
Table 4.6 Comparison of the predicted natural frequencies of the annular plate having different 
inner boundary conditions with the measured resonant frequencies of the brake disc 
Figure 4.24 shows a graphical comparison of the measured resonant and 
calculated natural frequencies. Fieldhouse showed in (75) that all discs follow an 
equation of the form: 
f = a ·nb +c (4-27) 
a, b, c are used just here as unknown coefficients, n stands for diametral mode 
and f for frequency. Using the non-dimensional frequency given by equation 
(AS-5) the influence of the material properties has been reduced. The unknown 
coefficients are thought to somehow reflect these material properties as well as 
the geometric properties, but no relationship can be proven at this point. The 
plots of a parameter study to find a relation between the unknown coefficients 
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and the disc parameter are shown in appendix AIO. A direct relation in form of 
simple mathematical expression could not be found, but it still shows how 
sensitive the natural frequencies are (especially to changes of the Young's 
modulus and the thickness of the disc). 
~ir=~~~~-'----------'-------~/1 
- __ . hlO5< 
22 -+-_. ht OS< 
- §pMIg !LA)OrtBd ~ Irte disc 
---
8 
'2~-------+--------~'~------~5 
Figure 4.24 Comparison of measured resonant frequencies with predicted natural 
frequencies 
4.2.4.3 Modified brake disc attached to stiff frame 
The investigations on the modified disc have been conducted in order to verify 
the findings of previous sections showing that the spring supported - free 
annular plate model is a valid approach to identify the natural frequencies of the 
brake disc. Therefore, the brake disc has been modified in its geometry. The 
point mobility of this modified brake disc is shown in figure 4.25 (blue solid 
line) . The same mode shape analysis in circumferential direction has been 
conducted as for the brake disc in chapter 4.2.4.2. The results are indicated in 
Figure 4.25 and compared to analytical results in table 4.7. Additionally, the 
results of the modeshape analysis can be seen in appendix All. The differences 
between the calculated natural frequencies and the measured resonant 
frequencies are small. Even with a modified disc the spring supported - free 
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annular plate model shows a good correlation with the measured results. But 
again, when comparing the measured results to figure 4.11 it can be seen that 
with the assumed stiffness of the hat there are differences between the calculated 
and the measured results, which indicate that the second boundary condition 
used for the inner end needs to be further investigated 
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Figure 4.25 Modulus of the point mobiUty of the modified brake disc:-(blue soHd line) 
measured result, frequency range of 1000 - 6400 Hz, logarithmic scale, new hub 
Measurement results of 
Diametral Mode Calculation results 
10 mm disc 
2 1044 Hz 966 Hz 
3 1656 Hz 1642Hz 
4 2584 Hz 2616Hz 
5 3808Hz 3875Hz 
.. Table 4.7 Comparison of the predicted natural frequenCies of a mocHfied annular plate WIth 
spring supported inner boundary conditions with the measured resonant frequencies of the 
modified brake disc. 
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4.2.4.4 Influence of mounting arrangements on FRF measurements 
In table 4.8 the results of different measurements on the brake disc are shown. 
Some of these, e.g. 'Old Hub l' and 'Old Hub 2', have been conducted in order to 
investigate the repeatability of the measurement results. The natural frequencies 
shown in the columns 2 to 5 were found conducting FRF measurements of the 
brake disc attached to the static rig using the two different hubs. The FRF 
functions of column 2 to 4 are shown in figure 4.26. The resonant frequencies in 
column 5 have been found conducting the microphone measurements on the 
brake disc attached to the static rig. The resonant frequencies in column 6 were 
measured with the brake disc attached to the spinning rig. These are results from 
a power spectrum measurement using a single microphone close to the disc. The 
disc was excited with a random input using an electrodynamic exciter, which 
has been connected to the disc using a ball transfer/bearing (compare to chapter 
6). 
Diametral Old Hub Old Hub New Hub 2 Spinning NewHubl Mode (one bolt) 1 (one bolt) 2 (M icrophone) disc rig 
2 1220 Hz 1212 Hz 1292 Hz 1253Hz 1204 Hz 
3 2196 Hz 2200Hz 2196 Hz 2224Hz 2244Hz 
4 3488Hz 3504Hz 3520Hz 3496 Hz 3552Hz 
5 5120Hz 5136 Hz 5]48 Hz 5]24 Hz 5216Hz 
Table 4.8 ComparISOn of different measured natural frequencIes of the brake d,sc fixed to eIther 
the static (column 2 - 5) or spinning rig (column 6) 
82 
STATIC DISC MODEL - FREE VIBRATION 
10·' r-----------~--~;::::===::::c;l 
-- New HI,t) 1 
10' 
Jl ~ 
" 
, I· 
t. 
l-
t· 
10.6 . - - - - - -- _.- - - - -..... ---
Frequency 1Hz 
.• _ . Old HIb 1 
Old HIb 2 
• 
, 
, 
, 
Figure 4.26 Modulus of point mobiljty of different measurements of the brake disc fixed 
to the static rig: frequency range of 1000 - 6400 Hz, logarithmjc scale 
It can be seen that there are differences in the natural frequencies for the 
repea ted measurements of up to 7 %, which has to be kep t in mind when 
comparing the measured with the calculated natural frequencies. No statement 
can be made at this point with regard to the amplitudes. Using the new hub it 
looks as if the 2nd diametral mode at 1220 Hz seems to split in two. But the modal 
investigations show that the 2nd mode shifts to 1290 Hz. The occurrence of the 
second peak at about 1100 Hz cannot be explained and the modal analysis does 
not show any distinctive modal behaviour of the disc (compare to appendix A9). 
Therefore, this peak has been neglected for all investigations within this thesis. 
Since the fixation seems to have an influence on the measurement results 
(compare new vs. old hub) a torque investigation has been conducted. Therefore, 
the disc brake has been attached to the static rig applying three different torques 
of 80 Nm, 120 Nm and 150 Nm to the fixing bolts. The results of the FRF 
measurements are shown in figure 4.27. It shows the modulus of the point 
mobility of the three measurements. It can be seen that there are only small 
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mismatches between the peaks of the different measurements. Therefore, the 
influence of the applied torque on the measurements is considered to be very 
small for estimating the natural frequencies. 
1Ci'r--------~---~---_---_,.__" 
, 
,. 
, 
-- 150Nm 
- 120 Nm 
--80Nm 
I. 
---_. __ ... ,. .--->-----. . __ ._.--
... -....,. .' 
__ .•. __ .L 
10-'~====--'-:'L---~---~-~-~...J 
10' 
Frequency 1Hz 
Figure 4.27 Modulus of point mobility of different measurements of the brake disc fixed 
to the static rig using different torques: 150 Nm (blue solid line), 120 Nm (red dashed 
line) and 80 Nm (green solid line) , frequency range of 1000 - 6400 Hz, logarithmic scale, 
new hub 
Figure 4.28 shows the comparison between the modulus of the point mobility of 
the brake disc fixed to a static rig, excited at the bolt hole circumierence 
(compare to chapter 4.2.4.2), indicated as the blue solid line and the modulus of 
the point mobility of the static rig with the disc dismounted (red dashed line). It 
can be seen that natural frequencies of the hub seem not to influence the FRF of 
the brake disc drastically. 
84 
STATIC DISC MODEL - FREE VIBRATION 
......•...... _-...... .. .. ··l· . _ 
..... 1 
- ,; ., .. ~ 
. ::;:", . 
.. 
• 
• ,
... : .. , ..... . 
10" ............... -......... - ............................. . ~ ........•... · ... · ..... , ...... "'.-i .... , ........ -....... : ........... . 
. ••• • •. :'" . -" -;" . -"':j" " '. • •• 
10' 
Frequency 1Hz 
~ ... 
........•..........•.. 
Figure 4.28 Modulus of the point mobility of the brake disc fixed to the static rig 
compared to the static rig without disc excited at the outside: - (blue solid line) brake 
disc fixed to static rig; - - - (red dashed line) static rig without disc, frequency range of 
1000 - 6400 Hz, linear scale, new hub 
In figure 4.29 the comparison between the modulus of the point mobility of the 
brake disc fixed to a static rig, excited at centre (compare to chapter 4.2.4.2), 
indicated as the blue solid line and the modulus of the point mobility of the static 
rig with the disc dismounted (red dashed line). It can be seen that natural 
frequencies of the hub seems not to influence the FRF of the brake disc 
drastically and that the amplitudes of the FRF of the .rig are much smaller than 
the amplitudes of the FRF of the disc. 
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Pigure 4.29 Modulus of the point mobility of the brake disc fixed to the static rig 
compared to the static rig without disc excited at the inside: - (blue solid line) brake 
disc fixed to static rig; - - - (red dashed line) static rig without disc, frequency range of 
)000 - 6400 Hz, linear scale, new hub 
As a conclusion it can be said that the influence of the rig is negligible on the 
natural frequencies in relation to the differences in the repeatability. Also it 
seems that the natural frequencies of the hub do not influence the FRF of the 
disc. Since the results of the static rig are comparable to those of the spinning 
disc, both rigs are assumed to be stiff in comparison to the brake disc and are 
therefore not included in the mathematical model. More detail investigations are 
necessary in order to give quantitative relation between the stiffness of the rig 
and the stiffness of the hat of the brake disc. 
4.2.4.5 Sound radiation measurements on brake disc attached to stiff 
frame 
The results of the phase match investigations are shown in figures 4.30 and 4.3l. 
Figure 4.30 shows the phase difference between the reference microphone and 
each of the other microphones. It can be seen that in the frequency range of 
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interest all microphones apart from microphone 7 have a small difference in 
phase. Microphone 7 is slightly out of phase with up to 20°, but since this 
microphone lies at the outside of the microphone array and has, therefore, a 
smaller influence on the measurement results no corrections have been 
undertaken. Figure 4.31 shows the amplitude relationship between the reference 
microphone and each of the other microphones. The amplitude relationship of 
each microphone pair is close to 1, therefore, no corrections have been 
undertaken. 
80 --Miaophono 2 
----- MicrophOne 3 
Mler_. 
" 
60 
- - - - Miaophono 5 
.!! 
J; 
- - Mlc:rophono 6 
.., 40 
- Miaophono 7 
" .. 
-
MIc:rophono e 
.!! 20 J; 
1000 1500 2000 2500 3000 ~ 4000 '500 5000 5500 6000 
Frequency 1Hz 
Figure 4.30 Results phase match measurements: Phase differences between reference 
microphone 1 and microphones 2 to 8 according to legend, frequency range of 1000-
6400 Hz, linear scaJe 
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Figure 4.31 Results phase match measurements: Amplitude relation between reference 
microphone 1 and microphones 2 to 8 according to legend (microphone x / microphone 
1) , frequency range of 1000 - 6400 Hz, linear scale 
In the following figures a comparison between the microphone measurements 
and the calculated analytical results is shown. The previous investigations have 
shown that there is only a small phase mismatch between the microphones. 
Therefore, the unmodified time data of each microphone has been taken and 
plotted along the x-direction. On the y axis the individual microphones are 
shown. Post processing these data in Matlab gives the depicted contour maps. 
The first 50 points of each measurement are displayed, since for the different 
frequencies different sampling rates have been used the time length varies 
between the measurements. 
Figure 4.32 shows the comparison between the measured and the analytical 
results of the 2nd diametral mode at 1253 Hz (900 for half a wavelength). Since the 
excitation point is between microphone 3 and 4 on the opposite side of the brake 
disc, there should be a peak. But in figure 4.32 an antinode is shown, which can 
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be seen due to the fact that opposite to the excitation point the displacement is 
equal to zero. 
Figures 4.33 - 4.36 show the comparison between the measured and the 
analytical results of the 3rd diametral mode at 2224 Hz, the 4th diametral mode at 
3496 Hz, the 5th diametral mode at 5124 Hz and the 6th diametral mode at 7124 
Hz, respectively. Each mode can clearly be identified using microphone array 
measurements. The measurement results are shown enlarged in appendix A12. 
t 
I 
t 
I 
Figure 4.32 Results of microphone array measurements of brake disc fixed to the static 
rig (right) compared to calculated resul ts (left), 2"d mode at 1253 Hz 
t 
I 
Figure 4.33 Results of microphone array measurements of brake disc fixed to the static 
rig (right) compared to calculated results (left), 3'" mode at 2224Hz 
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Figure 4.34 Results of microphone array measurements of brake disc fixed to the static 
rig (right) compared to calculated resuJts (left), 4th mode at 3496 Hz 
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Figure 4.35 Results of microphone array measurements of brake disc fixed to the static 
rig (right) compared to calculated results (left), 5th mode at 5124 Hz 
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Figure 4.36 Results of microphone array measurements of brake disc fixed to the static 
rig (right) compared to calculated results (left), 6th mode at 7124 Hz 
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This measurement technique has several limitations: 
• For identifying circular modeshapes a different microphone array would 
have been necessary (measuring in circumferential and radial direction). 
• The lower frequency limit is due to the area of the disc covered. The total 
covered area is 140° of the disc. Therefore, the 1st diametral mode can't be 
identified at a wavelength of 360° of the disc, respectively. 
• The higher frequency limit is given due to the spatial sampling of the 
microphone (20°). At least three measurement points per wavelength are 
needed to identify the modeshape. 
4.2.4.6 Comparison of the mode shapes 
In this section the modes shapes of the four cases are compared to each other and 
to the FRF measurements of brake disc made along a radial line at e = O. This 
investiga~ion just should illustrate the differences in the calculated mode shapes 
for the four different boundary conditions. The fourth diametral mode is chosen 
by way of example. 
In figure 4.37 - 4.38 the results of the general solution (equation (4-9)) at the 
point e = 0 along the r-direction for all four cases are displayed. As already 
mentioned above there are no restrictions regarding displacement and slope at 
the inner boundary of the free - free disc. The only difference between the mode 
shapes of the simply supported - free and the clam:ped - free disc is with regard 
to the slope at the inner boundary. The slope at the clamped - free disc (left) at 
the inner boundary has to be zero and there are no restrictions regarding the 
slope for the simply supported - free (right) case. For the spring supported - free 
disc there are no constraints with regard to the displacement and the slope at the 
inner boundary. 
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Figure 4.39 shows the measurement results of the displacement in radial 
direction of the brake disc attached to the stiff frame. It can be seen that the best 
match is between the spring supported - free disc model and the measurements . 
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Figure 4.37 Comparison of the different modeshapes along radial direction at a = 0: free-
free disc (left), simply supported - free disc (right), 4th diametral mode 
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Figure 4.38 Comparison of the different modeshapes along radial direction at a = 0: 
clamped - free disc (left), right spring supported - free disc (right), 4th diametral mode 
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Figure 4.39 Measurement results of FRF investigations in radial direction at 6 = 0 of 4th 
diametral mode at 3488 Hz 
4.2.5 Conclusions 
• The natural frequencies predicted by the free - free annular plate model 
showed good agreement with the measured resonant frequencies of the 
annular disc when the "best fit" value of the Young's modulus of the 
structure was used. The value chosen is within the range for cast iron and 
also used by different authors. 
• The natural frequencies predicted by the spring supported - free annular 
plate model showed the best agreement with the measured resonant 
frequencies of the rigidly mounted brake disc. The natural frequency 
values predicted by the simply supported - free annular plate model gave 
the next closest estimates, and the clamped - free annular plate model 
provided the least satisfactory agreement. Cao et al. [64) also used the 
spring stiffness at the inner boundary as well as the plate thickness in 
order to tune the natural frequencies of their model, but as already 
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mentioned no detail has been given of how this spring stiffness was 
applied. 
• Even with heavily modified brake disc a good agreement between 
measurements and the spring supported - free disc model can be found. 
• For the identification of the mode shape both accelerometer and 
microphone array measurements have been conducted. Both give results 
which enabled the mode shapes to be identified. The setup time for the 
accelerometer measurements is much shorter than for the microphone 
array measurements. But the microphone array is a non-contact 
measurement technique, therefore it is also applicable on moving sources. 
• The influence of the static rig on the measurement to estimate the 
vibrational behaviour of the brake disc has been found to be negligible. 
• The repeatability investigation shows small differences in the natural 
frequencies. The investigation of the torque, applied to the fixing bolts, 
also showed a small influence on the natural frequencies. 
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5 Static Disc Model- Forced Vibration 
In this chapter the forced vibration of a static disc has been investigated with the 
target to compare the measured and the calculated results over the whole 
frequency range of interest with respect to amplitude. The topic of forced 
vibrations of circular plates has been widely investigated throughout the 
literature. Reismann investigates in [76] the forced vibration of a clamped plate 
due to an arbitrary placed excitation force, but some errors in the calculation 
make it difficult to follow (also found by [77]). In [77] McLeod and Bishop derive 
receptance functions for various excitations of circular and annular plates with 
different inside and outside boundaries. Heckl and Abrahams [78] use the 
Green's function approach to estimate the disc response due to an impulse load 
at a single point in time. The Green's function already has been used by Mote 
[79] to describe the vibrational behaviour of a disc. His work mainly focuses on 
the stability analysis of a disc due to moving loads but in the first instance a 
forced vibration model was developed. In the following sections the forced 
response of a disc with spring supported inner boundaries, which was shown in' 
chapter 4 to have given the best agreement with the natural inner boundary of 
the disc, has been investigated using the modal summation approach shown e.g. 
in [67]. 
5.1 Forced vibration model 
In the following the use of the modal summation approach .by [67] has been 
shown for the case of a disc with spring supported inner boundaries. In equation 
(5-1) the velocity of the forced vibration of the disc is shown. 
( ,,). ~ ~ R" (r). cos(n· (8 - 8')) f (") (')' vr,8,r,8 =J·OJ·£....£.... (, ( . ) ,)' pr,8 -Rm r ·r ·dr (5-1) 
c=1 n=1 Acn • OJcn . 1 + J . 17 - OJ 
with the modal mass or norm A defined as 
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b 2·x 
Acn = J Jp. h· (Rcn (r). cos(n. (a - a')W· r· dr . da (5-2) 
a 0 
According to [67] the force integral at the point of excitation can be simplified to 
(5-3) 
The coordinates of the point of excitation are r' and a'. To solve the differential 
equation the boundary conditions for the spring supported inner boundary as 
shown in chapter 4.2.4 have been used. These are given for the inner boundary at 
r = a by, 
1. V, (a, a, t)- u(a,a, t). E· (ri2 - ri,) = 0 
Lo 
2. M,(a,a,t) = 0 
and for the outer boundary, r = b, as 
3. M,(b,a,t)=o 
4. V, (b,a, t) = 0 
(5-4) 
(5-5) 
(5-6) 
(5-7) 
The time independent part Rn is defined by equation·(5-7), whereby the c stands 
for the circular and n for the diametral modes. The estimation of the modal 
damping loss factor 11 is explained in appendix A3. 
(5-8) 
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5.2 Experimental testing 
In this section the experimental setup for FRF measurements and modal 
investigations of the brake disc is shown in order to gain information about its 
forced vibrational behaviour. The setup for these measurements has already 
been shown in chapter 4 and is just briefly repeated here. As already mentioned 
in chapter 1 the frequency range of interest is between 1000 and 6400 Hz, 
therefore, all measurement results are shown using these limitations. If not 
stated otherwise the measurement equipment used is the same as in section 3.5. 
The dimensions of the brake disc used for the measurements and the simulations 
are the same as shown in table 4.3. of chapter 4. 
5.2.1 Forced vibration of a brake disc fixed to a stiff frame 
5.2.1.1 Brake Disc 
The same setup as in section 4.2.32 has been used· to investigate the forced 
response of a brake disc with a standard 14 mm thickness. The brake disc has 
been attached to a stiff frame using fixing bolts. A FRF measurement has been 
conducted to estimate the point mobility using an electrodynamic exciter 
attached via a force transducer to the top of the disc. An accelerometer recording 
the response has been attached to the disc opposite to the point of excitation. The 
dimensions and material properties of the disc used are shown in table 4.3 and 
table 4.5. The results ~rom the measurements on the new hub using the five bolt 
fixation have been used for comparison to the calculated forced response. A 
photograph of the setup can be seen in chapter 4. 
5.2.1.2 Modified brake disc 
The measurements from section 4.2.33 have been used to investigate the forced 
response of the modified brake disc (10 mm thickness). As already mentioned in 
.chapter 4 the thickness of the disc has a huge influence on the natural 
frequencies. In order to validate the mathematical model the thickness of the disc 
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has been changed from 14 mm to 10 mm. The dimensions and the material 
properties of the modified disc are shown in table 4.3 and table 4.5 of chapter 4. 
5.2.2 Forced vibration of static brake disc with applied pad pressure 
In figure 5.1 the measurement setup is shown, which has been used to 
investigate the influence of the pad pressure on the brake disc vibrations 
experimentally. The brake disc has been mounted to the spinning disc 
dynamometer and a high pressure has been applied to the static disc using the 
brake pads. Opposite to the pads an electrodynamic shaker has been attached via 
a force transducer to the brake disc which excites the disc using a random signal 
over the whole frequency range. The point accelerance has been measured using 
an accelerometer attached to the other side of the brake disc. As well as 
measuring the point accelerance a modal investigation has been performed by 
investigating the mode shapes along the disc circumference at a mid radius 
position. For the modal analysis the response due to a random excitation has 
been measured at 12 equidistant points along the disc circumference. Only 1800 
of the disc have been investigated since the response is assumed to be symmetric 
to both sides of the excitation point. 
12 equidistant measurement points 
Point of [!}<II/--
excitation 
Figure 5.1 Measurement setup of brake disc with attached pads showing the 12 measurement 
points 
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Calliper 
Disc 1 
EO exciter 
Figure 5.2 Photograph 01 brake d.isc attached to the spinning d.isc rig with applied pad pressure, 
excited by an electrodynam.ic shaker opposite to the mid pad location 
5.3 Results and Discussion 
In the following sections the findings of the experimental testing are shown and 
compared to the results of the forced vibration model developed in section 5.1. 
5.3.1 Forced vibration of a brake disc fixed to a stiff frame 
5.3.1.1 Brake Disc 
In figure 5.3 the results of the point mobility measurements from section 5.2.1.1 
are shown and compared with the calculated modulus of the point mobility 
using the analytical model of section 5.1. For the calculation, the diametral 
modes 1 to 8 have been summed up. The modal investigations in chapter 4 have 
shown that the resonant peaks of the point mobility are due to diametral modes 
in the frequency range 0 - 6.4 kHz, thus circular modes have not been taken into 
account for calculating the point mobility. Also the influence of modes higher 
than the eighths diametral mode can be neglected, since the modes are well 
separated and thus their influence on the point mobility is assumed marginal. 
The modal damping values for diametral modes 2 to 5 have been experinlentally 
estimated using the decay rate method, which is explained in detail in appendix 
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A3. For the other modes a damping loss factor has been assumed, which has 
been calculated by averaging the measured loss factors of the other modes. 
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Figure 5.3 Modulus of the measured point mobility of the brake disc fixed to the static rig 
compared to calculated modulus of the point mobility of the annular plate with a spring 
supported inner boundary: - (blue solid line) measurements; - - - (red dashed line) calculated 
results, frequency range of 1000 - 6400 Hz, logarithmic scale, new hub 
It can be seen that the calculated eigenfrequencies are close to the measured 
natural frequencies, however below 1500 Hz and above 4500 Hz the frequency 
peaks tend to diverge. Using the measured damping loss factors the amplitudes 
are close to those of the measurements. At this point it has to be said, that the 
accuracy of the measured damping loss factors is no better than 20%. Also the 
repeatability investigation (figure 4.xx) in chapter 4 showed that the amplitudes 
of the point mobility measurements can vary. 
5.3.1.2 Modified brake disc 
In figure 5.4 the measured modulus of the point mobility of the modified brake 
disc (10 mm thickness) is compared to the calculated one using the approach 
shown in section 5.1. It has been assumed that the same modal damping loss 
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factors apply to the modified disc as for the normal brake disc used in section 
5.3.1.1. It can be seen in figure 5.4 that also for the modified disc the calculated 
eigenfrequencies are close to the measured resonant frequencies and that also the 
amplitudes of the single peaks are in close agreement. 
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Figure 5.4 Modulus of the measured point mobility of the modified brake disc fixed to the static 
rig compared to calculated modulus of the point mobility of the annular plate with a spring 
supported inner boundary: - (blue solid line) measurements; - . - (red dashed line) calculated 
results, frequency range of 1000 - 6400 Hz, logarithmic scale, new hub 
5.3.2 Forced vibration of static brake disc with applied pad pressure 
In figure 5.5 the modulus of the point mobility of two measurements made with 
applied pad pressure are compared to one another. Two different pressures have 
been applied by the brake pads to the static brake disc (The pressure gauge just 
gives a rough indication; therefore no exact numbers can be given). It can be seen 
that the overall trend of the point mobilities does not change drastically. The red 
dashed curve stands for the modulus of the point mobility of the brake disc with 
high applied pressure. The applied pressure has been about 2.5 times higher 
than for the blue solid curve. 
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Figure 5.5 Modulus of the point mobility of the static brake disc attached to the spinning disc rig 
with two different applied pad pressures: - (blue solid line) low pressure; - - - (red dashed line) 
high pressure (about 2.5 times the low pressure measurements), frequency range of 1000 - 6400 
Hz, logarithmic scale 
In figure 5.6 the measured results of the brake disc with high applied pressure 
are compared to those of the static rig measurements, conducted in chapter 4 and 
section 5.2.1 respectively. For the thi rd and the fourth diametral mode there is 
only a slight shift in frequency and amplitude. But at higher frequenCies (5th 
diametral mode) there are substantial differences between both measurements. 
The differences for the second mode is assumed to be due to the fixat ion, since 
already mentioned in section 4.2.4.4 the peak at about 1100 Hz only occurs when 
using the new hub with the five bolts fixation. Thus, it can be seen that applying 
pressure to the disc can have some effect on its point mobility. The results of the 
modal analysis are show in appendix A9. 
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5.4 Conclusions 
• The modal summation approach as shown In [67] here applied on the 
fo rced vibration analysis of a static brake disc with spring supported 
inner boundary conditions shows promising results. It makes it much 
easier to compare measured and calculated results over the whole 
frequency range instead of comparing single resonant frequencies as done 
in chapter 4. But it should be kept in mind tha t the spring supported inner 
boundary conditions are still an approximation of the real disc inner 
boundaries, therefore small differences have to be expected. 
• The applied pressure and damping initiated by the brake pads can have a 
significant influence on the trend of the point mobility of a brake disc 
especially in higher frequencies regions. However, the comparison of the 
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measurements on the static rig without applied pressure shows that the 
resonant frequencies are still close. To analyse the various effects of 
damping and applied pressure on the brake disc further investigations 
need to be undertaken, however such investigations are outside the scope 
of this thesis. 
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6 Spinning disc model 
In this chapter the vibrational behaviour of a spinning disc has been 
investigated. In contrast to the previous chapters the main focus in this chapter 
lies on the experimental investigation rather than on the mathematical 
modelling. A simple point excitation mechanism has been chosen in order to 
gain a better understanding of the dynamics of a spinning disc. In the first 
sections different measurements have been conducted to verify the quality of 
this novel point excitation mechanism. Further on microphone measurements 
using the microphone rig from chapter 4 have been conducted to visualise the 
vibration behaviour at different frequencies of the spinning disc. The findings of 
the measurements are compared to assumed mathematical models found in the 
literature. 
6.1 Experimental setup 
In this section the experimental setup for numerous measurements is shown, as 
well as an explanation is given as to why these measurements were conducted. 
All measurements have been conducted on a spinning disc dynamometer rig as 
shown in figure 6.1. The spinning disc rig contains of 4 major parts. The control 
unit controls the direction of rotation and the rotation speed and gives the 
appropriate signal to the engine/ gearbox unit. The engine/ gearbox unit drives 
the spindle to which the brake disc can be attached. With the pressure unit, 
pressure can be applied to the brake disc over the calliper and the brake pads. 
The pressure gauge does not give an exact value, it just serves as an indicator 
whether high or low pressure is applied. 
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enj1;ine/ j1;earbox unit spindle 
~ 
Figure 6.1 Spinning disc dynamometer rig 
6.1.1 Experimental setup to verify single point excitation 
[n order to verify the quality and usage of the novel one point excitation 
mechanism this section explains the different measurements conducted. 
Normally, a brake disc would be excited by the brake pads, but since the friction 
interface between the pads and the brake disc is of a highly complicated nature a 
simple excitation mechanism is needed in order to gain a better understanding of 
the vibrational dynamics of a spinning brake disc. Since the single point 
excitation used on the static disc measurements in chapter 4 and 5 showed good 
results the usage of a single point excitation on a rotating brake disc has been 
decided. Potential excitation mechanisms which could be used on a rotating disc 
are a small wheel attached to an electrodynamic exciter or perhaps 
electromagnetic field excitation. The electromagnetic field excitation seemed to 
be the most elegant way, but on the other hand it would have been also the most 
complicated and most expensive way. The easiest and fastest solution has been 
to use a ball bearing system attached to an electrodynamic exciter. In figure 6.2 a 
photograph of the specially constructed excitation mechanism is shown. 
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Figure 6.2 One point excitation using a ball bearing attached to an electrodynamic exciter 
In figure 6.3 an example of the measurement setup for the following experiments 
is shown. One microphone has been positioned approximatly 5 mm from the 
surface of the rotating brake disc, assuming that the radiated sound pressure 
correlates to the surface velocity of the brake disc [80]. An electrodynamic shaker 
has been connected via the ball bearing system to the rotating brake disc and is 
used to excite the rotating disc either sinusoidally at one particular frequency or 
over the whole frequency range using random excitation. Since only response 
measurements were required, the input force signal was not recorded. 
Figure 6.3 Measurement setup on spinning disc rig to verify the quality of the single point 
excitation mechanism 
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The following measurement equipment has been used for the measurements: 
• B&K Analyser for the data acquisition 
• HP Analyser to power the electrodynamic shaker 
• B&K microphone 
• LDS electrodynamic shaker 
6.1.1.1 Influence of rotation speed 
For.investigating the influence of the rotation speed on the natural frequencies of 
the brake disc the same measurement setup as described above has been used. 
Additional to these the following measur~ment parameters have been applied: 
• Sampling rate 25600 Hz 
• Frequency lines: 400 (M = 32Hz) 
• Frequency range of interest: 1000 - 12800 Hz 
• Input signal: Random between 0 and 12800 Hz 
• Autospectrurn has been calculated 
• Rotation speed: 0 - 45 rpm 
The rotation speed has been chosen to roughly cover the vehicle speed range of 0 
to 6 km/h for an average tyre size (e.g. 185/60 R15). Higher rpm speeds would 
be possible for the dynamometer, but it can be seen in the following 
investigations (e.g. background noise) that higher rotation speeds should not be 
used. From the authors experience it can be said that squeal mostly occurs at low 
vehicle speeds. 
6.1.1.2 Influence of background noise 
To investigate the influence of the background noise and the unwanted modal 
overlap from adjacent resonant frequencies, respectively, three different modes 
have been excited in a range of 6 to 25 rpm. The same measurement equipment 
has been used as in.the previous section with slight changes in the measurement 
parameters. 
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• Range of interest: 1000 - 6400 Hz 
• Sinusoidal input at three adjacent resonant frequencies, 2240 Hz, 3552 Hz 
and 5220 Hz 
• Autospectrurn has been calculated 
• Rotation speed: 6 - 25 rpm 
6.1.1.3 Influence of non linearity due to the applied force 
To investigate the influence of any nonlinearity due to the excitation force on the 
vibration behaviour, the brake disc has been exited at a single frequency at a 
certain rpm speed. The power output settings at the analyser have been varied. 
The measurement setup as described in section 6.1.1 has been used. The 
following measurement parameters have been used: 
• Rpm = 10 
• Amplifier ca. level = 2 
• Frequency = 3552 Hz 
• Output level = 50mV , 100mV, 150mV .... 500mV 
• Autospectrurn has been calculated 
6.1.2 Microphone array investigation of spinning disc vibrations 
. A number of different investigations have been conducted additionally, e.g. 
changing the microphone spacing or using different microphones. The best 
results where found using the same array microphone setup as in section 4.2.3.5. 
Instead of using a static disc rig the spinning disc rig as showed in 6.1 has been 
used. The measurement parameters are stated below. A sample measurement 
setup for the spinning disc rig can be seen in figure 6.4. Since the same 
microphones have been used as in section 4.2.3.5 no further phase match 
investigation has been conducted. The following measurement parameters have 
been used: 
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• RPM: 10, 20 and 30 
• Frequency: 2240 Hz and 3520 Hz 
• Time data has been measured 
Figure 6.4 Measurement setup on spinning disc rig to investigate the modal vibration pattern 
6.2 Literature overview: 
In the next section an overview of analytical models found in the literature on 
the vibrations of a rotating disc are presented. This section is separated into three 
pa rts; the first gives an overview about the free vibration models, the second 
about the forced vibration models and the third about assumed mathematical 
models used in the literature in order to describe the vibrational behaviour of a 
spinning disc. Due the limitations of time available in the project not all of 
models could be investigated in full detail. 
6.2.1 Free vibrations models 
Various approaches have been used in the literature to investigate the vibrational 
behaviour of a spinning disc. Lamb and SouthweU [73 and 81], Eversman et al. 
[82] and Barash and Chen [83] investigated the free vibration of a spinning disc 
using the power series method. SouthweU [73 and 81] was the first to investigate 
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the free vibration of a rotating brake disc clamped at its centre and free at the 
outside edge. Later Eversman validated Lamb and Southwell's findings by using 
a more accurate numerical approach. Barash and Chen used a modified form of 
the numerical Adams method to find the eigenvalues of a spinning disc. The 
results are in agreement with the results of the authors mentioned before. 
Recently Mignolet et al. [84) investigated the vibration of a rotating disc using a 
perturbation technique. These results were compared to the exact natural 
frequencies gained from power series methods mentioned above. A good match 
has been established. 
6.2.2 Forced vibration models 
Different approaches can be used to investigate the vibration of a rotating disc at 
low rotating speeds. At low rotating speeds the effect of centrifugal forces can be 
neglected, therefore two different approaches can be used: 
1. Investigation of static disc with a rotating load 
2. Investigation of a rotating disc with a static load 
As mentioned in chapter 5 Mote et al. [79) investigated the effect of stability of a 
circular plate subjected to a moving load. A forced vibration model has been 
developed using a Green's function approach and equations describing the 
response due to a rotating peripheral load with constant angular velocity are 
given. Iwan and Stahl [85) also investigated the effect of a moving mass system 
on the vibration of an elastic disc. A stability analysis of different grades of 
approximations has been conducted. As summarised in chapter 2 also Ouyang et 
al. [50-58) investigated the vibration of a disc due to a rotating slider system. A 
modal approach has been used solve the differential equation of motion. Ouyang 
used his models to investigate the effect of different excitation mechanisms, such 
as follower forces, on the disc vibrations and the occurrence of brake squeal. 
Such investigations are not within the scope of this research. 
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In [86] Iwan and Moeller conducted a stability analysis of a spinning disc due to 
a static transverse load system. Different grades of approximations have been 
used to investigate the stability. It has been found that the rotation of the disc has 
the effect to stiffen the disc and thereby increase its effective natural frequencies 
in comparison to a stationary disc with a rotating load. 
6.2.3 Assumed response vibration models 
Reeves et al. [65] describe the vibration of a spinning disc using two different 
kinds of vibration modes: a complex mode which consists of two real modes at 
the same frequency with a spatial and temporal phase shift; and a standing 
mode, which is defined as a special case of the complex mode with just one 
mode excited. The surface vibration of a complex mode is described in reference 
[65] as 
u(e, t) = A, sin(ro. t + 't,). sin(n. e + u,)+ A2 sin(ro· t + 't2)· sin(n· e + u 2) (6-1) 
The variables in the case of a complex mode are set to 
and for the case of the pure standing mode; which would be the case for a static 
disc, to 
. 't1 ='t21 
It was noted in reference [65] that different combinations of variable values can 
yield similar results to the variables above. Because of the assumption that both 
amplitudes are equal and that the fact that the components in equation 6-1 are 
not orthogonal the complex mode model by Reeves et al. [65] is not used in the 
following. 
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Another model can found by Fieldhouse et a1. [e.g. 35], they approximated the 
displacement of the rotating disc using a fourier approximation technique. 
Equation (6-2) shows the found approximation: 
u(r,9, t)= A· sin(n. 9-00· t+ a)+ B· sin(n· 9+ 00· t+ a) (6-2) 
A and B are the amplitudes of the forward and the backward travelling waves, 
respectively. An example analysis in [e.g. 35] shows for n=8 a forward and a 
backward travelling wave with different amplitudes with an angular speed of 
co 
n 
6.3 Results and Discussion 
In this section the results of investigations as described in section 6.1 are shown. 
The results from the modal vibration investigations are compared to the 
assumed response vibration models shown in the previous section. 
6.3.1 Evaluation of single point excitation 
In the next sections the results of the investigations described in section 6.1.1 are 
shown. 
6.3.1.1 Influence of rotation speed 
In figure 6.5 the influence of the rotating speed on the measured resonant 
frequencies is shown. The measured Sound Pressure Levels (SPL) (z-axis) at 
various RPM speeds (y-axis) have been plotted over frequency (x-axis). A linear 
interpolation method has been used between the different RPM speeds. It can be 
seen that the resonant frequencies do not vary with rotating speed. An obvious 
restriction to this statement is the high frequency resolution of 32 Hz, which was 
the best possible resolution achievable for the analyser. Small variations of the 
resonant frequencies cannot be picked up. 
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Figure 6.5 Influence of rotating speed on measured resonant frequencies 
[n the literature (e.g. [25]) it has been shown that the forward and backward 
travelling waves in a rotating disc have different velocities for a fixed point in 
speed. The wave travelling in the direction of the rotation seems to be faster (by 
Q*t) as the wave for a static disc and the wave travelling in the opposite direction 
of the rotation seems to be slower (by Q*t). 
This can lead to a frequency split, which has been investigated by [87) at 
Loughborough University with an analyser with a higher frequency resolution 
for the second diametral mode by way of example. In figure 6.6 it can be seen 
that with increasing rotation speed the frequency split increases as weU. A 
sinusoidal input at 1222 Hz and an rpm range from 0 to 50 rpm has been used 
for the investigations. For 50 rpm a split of about 0.83 Hz can be found, which 
would confirm a splitting as indicated by [25]. This splitting can not be identified 
with the investigations undertaken previously (frequency resolution of 32 Hz). 
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Figure 6.6 Frequency split caused by the rotation of the disc [871 
6.3.1 .2 Influence of background noise 
In the following figures the influence of the background noise on the overall 
sound pressure level is shown. As in the section before the measured Sound 
Pressure Levels (SPL) (z-axis) at various RPM speeds (y-axis) have been plotted 
over frequency (x-axis). A linear interpolation method has been used between 
the different RPM speeds. The difference here is that the brake disc has been 
excited by a single sinusoidal input, in case of figure 6.7 with 2240 Hz. It can be 
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seen that when the RPM speed of the engine increases also the background noise 
increases. This can clearly be identified in figures 6.7. - 6.10. When applying 
higher vibration speeds also the other resonant frequencies of the brake disc tend 
to be excited. This can be easily identified in figure 6.8 when the two sound 
pressure level curves of 6 and 25 rpm are compared with each other. At the 
excited frequency of 2240 Hz the differences between both curves is very small, 
but at the other measured resonant frequencies there is a more significant 
difference. Consequently, it can be said that with increasing RPM speed the 
quality of the used excitation mechanism gets worse. Therefore, a filter needs to 
be applied to the measured data. It has been found that using a lubricant on the 
ball bearing system can reduce the effect of exciting other resonant frequencies. 
Similar results were obtained when the disc was excited at 3552 Hz and 5220 Hz 
as shown in figures 6.9 and 6.10. 
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Figure 6.7lnRuence of background noise between 6 and 25 rpm when exciting the 2240 Hz 
resonance 
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Figure 6.9 Influence of background noise between 6 and 25 rpm when exciting the 3552 Hz 
resonance 
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Figure 6.10 Influence of background noise between 6 and 25 rpm when exciting the 5220 Hz 
resonance 
6.3.1.3 Influence of non linearity due to the applied force 
In figure 6.11 the standardised sound pressure levels over frequency are plotted 
against different input voltages for the electrodynamic exciter (higher input 
voltage is equivalent to higher input force). A linear interpolation method has 
been used between the different input voltages. It can be seen that up to 300 mV 
using a higher input force reduces the amplitude of the other resonant 
frequencies relative to the excited frequency. Therefore, using a higher input 
power to excite the disc will lead to better results. The standardised amplitudes 
have been calculated by dividing each single value of a sound pressure level 
curve by its maximum value (here at 3552 Hz). 
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Figure 6.11 Influence of applied force on natural frequencies 
6.3.2 Microphone array investigation of spinning disc vibrations 
As mentioned in section 6.3.1.2 a filter technique needs to be applied in order to 
reduce the influence of the background noise and the adjacent resonant 
frequencies. Therefore, the Butterworth filter has been used in the time domain. 
This filter has been used in order to reduce the effect on the phase at the 
frequency of interest. In figure 6.12 this filter technique is shown as an example 
for the 4th mode at 3520 Hz. In the upper left corner the unfiltered measurement 
results are shown as a surface plot. The sound pressure measurements of the 
eight microphones have been plotted against time. This data has been visualised 
using a surface plot in MA TLAB. In the right upper corner the filter process is 
shown. The filtered surface plot is then shown below. 
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FFT 
Figure 6.12 Representation of the Butterworth filter process at the 4th diametral mode 
In the following figures the filtered surface plots for 3520 Hz can be seen for 10, 
20 and 30 rpm. The unfiltered pictures for 3520 Hz can be found in appendix A14 
as well as the filtered and lUlfiltered pictures for 2240 Hz. It has been decided to 
analyse only microphones 1 to 6. Microphone 7 and 8 could be left out since they 
were positioned at the outside of the array. The reason for leaving them out is 
due to the slight phase misma tch shown in chapter 4. In figures 6.13 to 6.15 a 
changing pattern with changing rotating speed can be observed. However, a 
clear 4th order diametral mode can still be identified when considering a 20° 
microphone spacing. 
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Figure 6.14 Filtered sound pressure (Pal surface plot of 4th diametral mode at 3520 Hz at 20 rpm 
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Figure 6.15 Filtered sound pressure (Pal surface plot of 4'h diametral mode at 3520 Hz at 30 rpm 
Using the travelling wave expression given by Fieldhouse et al. [e.g. 35] in 
section 6.2.3.3 a good agreement can be found. The values used for the figure 
shown below are A=O.7 and B=l with zero phase angle for both waves. The 
comparison between the theoretica.l prediction and the measurement is shown in 
figure 6.16. Further investigations, especially into the splitting of the modes and 
the exact locations of the natural frequencies (with a higher frequency 
resolution), in order to understand the found resuJts fully are necessary. 
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Figure 6.16 Comparison of theoretical prediction of the spinning disc model using Fieldhouse et 
al. [35J approach (left) to the microphone measurements of the spinning disc (right), 4th 
diametral mode, 20 rpm 
6.4 Conclusions 
• The validation of the excitation mechanism shows promising results. It is 
an easy mechanism to install, the background noise can be reduced by 
regular main tenance (using a lubricant) and most important it is 
reasonably inexpensive. 
• Using the microphone array method a good visualisation of the mode 
shapes can be achieved, however a more advanced technique such as ESP! 
or holographic interferometry would help interpreting the visualised 
vibration patterns. 
• A good agreement of measurement results with the travelling wave 
model by Fieldhouse et al. [35) has been. Add itional investigations, 
especially into the splitting of the modes and the exact locations of the 
natural frequencies (with a higher frequency resolution), in order to 
understand the found results fully are necessary. 
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7 Conclusions and Future work 
In this chapter the findings of this thesis are summarised. Additional possible 
future works are discussed. 
7.1 Conclusions 
The focus of this thesis has been to develop a mathematical model which aids a 
deeper physical understanding of the vibrational behaviour of a brake disc. Since 
FEM modelling is very time consuming and does not necessarily deliver insight 
into the physical behaviour of the model it has been decided to use analytical 
models such as continuous beam and plate models in order to represent the 
brake disc. The frequency range has been chosen to be between 1 kHz and 6.4 
kHz, which is in the lower frequency range for brake squeal. According to the 
literature in-plane motion within this frequency range can be neglected [64]. Also 
the effect of the excitation has been ignored, so the vibration of the brake disc 
due to linear excitation has been investigated. 
The first models identified in the literature were the straight beam 
representations of the brake disc by Flint and Hulten [10 and 46 - 49]. Flint and 
Hulten [10 and 46 - 49] used their beam model to investigate various excitation 
mechanisms. Reeves et al. [65] used a beam model as a data representation aid 
when comparing their findings of the optical measurements. The beam theory is 
assumed to be a valid approach to simulate brake disc vibration in a highly 
simplified way. The validity of this simplification when applied to typical brake 
dimensions has been assessed in chapter 3. In order to aid the understanding of 
the developed finite beam model the mobilities of a semi-infinite and an infinite 
beam have been calculated. The trend line of the mobility of the infinite beam has 
been used further on in order to identify beam-like behaviour. In the next stage 
the development of a finite beam model is shown. The outer boundaries have 
been chosen in a way to represent cyc1o-symmetric behaviour. The results of 
these calculations have been verified by different experimental investigations, 
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including FRF measurements on a large and a small diameter steel ring and an 
annular plate. The following results have been found: 
• The calculated point mobility of the wave based approach shows identical 
results as the modal summation approach. But the calculation time using 
the modal summation approach is slightly higher. 
• The modulus of the point mobility of the beam model with cyclo-
symmetric boundary conditions shows a good agreement in comparison 
to the measured modulus of point mobility of the large diameter steel ring 
above 100 Hz. The differences in the amplitudes are likely to be due to the 
position of the electrodynamic exciter and the accelerometer across the 
disc. Both measurement and calculation results follow the trendline of the 
modulus of point mobility of the equivalent infinite beam structure, 
which indicates beam-like behaviour. 
• The calculation results of the proposed beam model show very little 
agreement in comparison to small diameter ring measurements in 
frequency and amplitude for the shown frequency range. The 
measurement results might be influenced due to the tighter curvature of 
the small experimental steel ring. 
• The comparison of the results of the FRF measurements of the brake disc 
with its central hat removed and with a theoretical prediction from the 
cyclo-symmetric beam model shows a good agreement especially for 
higher mode numbers. 
Since it is not possible to model the boundaries of a brake disc using. a beam 
model a development of a suitable annular plate model is necessary. Plate 
models to investigate brake squeal have been used by various authors, e.g. 
Ouyang et al. [50-58 and 64]. However, in these publications Ouyang et al. 
focussed mainly on the investigation of instabilities due to various excitation 
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mechanisms rather than analysing the vibrational behaviour of the disc whilst 
squealing. In chapter 4 the development of a mathematical model to estimate 
the free vibrational behaviour using the annular plate theory has been shown. 
The main problem has been to choose the most appropriate inner boundary 
condition. Therefore, the three standard cases for the inner boundaries, (i) free, 
(ii) simply supported, (iii) clamped, have been individually investigated and 
compared to the literature. The outside boundary condition is always assumed 
to be free. The literature mainly used as reference is by Vogel and Skinner [71], 
which shows the same results as the literature by Leissa [72] and by Southwell 
[73]. These models have been comp?red with FRF and modal measurements of 
the brake disc fixed to a stiff frame. Due to the frequency range of interest these 
measurements have been conducted with an electrodynamic exciter rather than 
using impact excitation, which has a limited frequency range. Another problem 
was the unknown value for the Young's modulus, which has been estimated by 
conducting FRF measurements on an annular plate (free inside and free outside 
boundary). The following results have been found: 
• The natural frequencies predicted by the free - free annular plate model 
showed good agreement with the measured resonant frequencies of the 
annular disc when the "best fit" value of the Young's modulus of the 
structure was used. The value chosen is within the range for cast iron and 
also used by different authors [50-58]. 
The clamped inner boundary condition has been widely used in the literature to 
represent the inner edge of a brake disc. Parameters such as the plate thickness 
have been used to tune the predicted natural frequencies to the measured 
resonant frequencies. In order to keep all parameters close to the physical reality 
a novel approach to model the inner boundary has been developed. This 
approach incorporates the hat geometry as well as its stiffness in the first inner 
boundary condition. The second inner boundary condition is still an assumption 
and is based on the simply supported inner boundaries which showed more 
satisfactory agreement to the measurements than the clamped inner boundaries. 
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Already in (63) it has been found that the hat geometry has a significant 
influence on the natural frequencies of -a coupled disc-hat structure. It has been 
reported in this thesis that: 
• The natural frequencies predicted by the spring supported - free annular 
plate model showed a good agreement with the measured resonant 
frequencies of the rigidly mounted brake disc. 
• The natural frequency values predicted by the simply supported - free 
annular plate model gave the next closest estimates, and the clamped -
free annular plate model provided the least satisfactory agreement. 
• Even with a thinner brake disc a good agreement between measurements 
and spring supported - free disc model can be identified. 
Additionally shown in chapter 4 are microphone array measurements conducted 
in order to record the modal behaviour of the vibrating disc. Since the vibration 
mode shapes of the static disc are known these measurements are used to 
validate this non-contact measurement technique. The following findings can be 
summarised: 
• For the identification of the mode shape both accelerometer and 
microphone array measurements have been conducted. Both give results 
which enable the identification of the mode shapes. The setup time for the 
accelerometer measurements is much shorter than for the microphone 
array measurements, but the microphone array measurements are a non-
contact measurement technique, therefore, it is also applicable on moving 
, 
sources. 
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Further investigations in chapter 4 have established: 
• The influence of the static rig on the measurement to estimate the 
vibrational behaviour of the brake disc has been found to be negligible. 
• The repeatability investigation shows small differences in the natural 
frequencies. The investigation of the effect of the torque, applied to the 
fixing bolts, also showed only a small influence on the natural 
frequencies. 
• The non-dimensional frequency can be used in order to graphically 
compare the findings of the different models with the measurement 
results neglecting all geometric or material influences. 
In chapter 5 a forced vibration model of a static disc has been investigated with 
the target to compare the measured and the calculated results over the whole 
frequency range of interest with respect to vibration amplitude. The topic of 
forced vibrations of circular plates has been widely investigated throughout the 
literature by various authors e.g. [76 - 79]. The approach used here is the modal 
summation approach which has been used by Cremer et al. [67] This approach 
has been applied to the spring supported plate model developed in chapter 4 
giving the following results: 
• The modal summation approach as shown in [67] here applied on the 
forced vibration analysis of a static brake disc with spring supported 
inner boundary conditions shows promising results. It makes it much 
easier to compare measured and calculated results over the whole 
frequency range instead of comparing single resonant frequencies as done 
in chapter 4. But it should be kept in mind that the spring supported inner 
boundary conditions are still an approximation of the real disc inner 
boundaries, therefore small differences have to be expected. 
128 
CONCLUSIONS AND FUTURE WORK 
Further studies in chapter 5 investigate the vibrational and modal behaviour of 
the qrake disc with applied pad pressure. 
• The applied pressure and damping initiated by the brake pads can have a 
significant influence on the trend of the point mobility of a brake disc 
especially in higher frequencies regions. However, the comparison of the 
measurements on the static rig without applied pressure shows that the 
resonant frequencies are not much affected. To analyse the various effects 
of damping and applied pressure on the brake disc further investigations 
need to be undertaken, however such investigations lie outside the scope 
of this thesis. 
In chapter 6 the vibrational behaviour of a spinning disc has been investigated 
using a dynamometer test rig. In contrast to the previous chapters the main focus 
in this chapter was on the experimental investigation rather than on the 
mathematical modelling. A simple point excitation mechanism has been chosen 
in order to gain a better understanding of the dynamics of a spinning disc. 
Extensive measurements, which included investigations on the rotational speed, 
the background noise and the non-linearity due to the applied force, have been 
conducted to verify the quality of this novel poirlt excitation mechanism. It has 
been found: 
• The validation of the excitation mechanism shows promising results. It is 
an easy mechanism to install, the background noise can be reduced by 
regular maintenance (such as using a lubricant) and most importantly it is 
reasonably inexpensive and it applies a controlled point excitation of the 
spinning disc. 
Further on, microphone measurements using the microphone array from chapter 
4 have been conducted to visualise the vibration behaviour at different 
frequencies of the spinning disc. After an initial investigation it has been found 
that it would have been extensively time consuming to. implement the various 
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analytical models found in the literature. Therefore, the findings of the 
measurements have only been compared to assumed mathematical models by 
Fieldhouse [e.g. 49]. Additionally, further interpretations of the results have been 
made in order to assist future development of a mathematical model of a 
spinning disc. It has been concluded: 
• Using the microphone array method a good visualisation of the mode 
shapes can be achieved, however a more advanced technique such as ESPI 
or holographic interferometry would help interpreting the visualised 
vibration patterns. 
• A good agreement of measurement results with the travelling wave 
model by Fieldhouse et al. [20] has been found. Additional investigations, 
especially into the splitting of the modes and the exact locations of the 
natural frequencies (with a higher frequency resolution), in order to 
understand the found results fully are necessary. 
7.2 Discussion and Future work 
In the previous section a conclusion of the work presented in this thesis has been 
given. In the following section the findings will be discussed and possible future 
works are outlined. 
Beam model: 
It has been found that a beam model can be used to calculate the vibrational 
response of a brake disc without inner hat, but for investigations of the 
vibrational response of the brake disc with attached inner hat the beam model is 
not suitable, since the inner boundaries can not be modelled. If at some future 
point excitation mechanisms are the focus of the research then a beam model 
could be used combined in a multi-body system as shown by Flint and Hulten 
[10 and 46 - 49] .. 
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Free and Forced Plate model: 
A good agreement of the vibrational response of the mathematical model 
assuming a spring supported inner boundary with the measured resonant 
frequencies of a brake disc has been found. However, the inner boundary 
conditions do not fully represent the physical reality. Including a rotational 
stiffness as second inner boundary rather than assuming the bending moment to 
be equal to zero might represent the physical reality better. The developed 
mathematical model has been compared to measurements on two different brake 
discs (standard with 14 mm thickness and modified with 10 mm thickness). In 
order to further verify the developed plate model a larger number of different 
, 
brake discs with special emphasis on varying the hat geometry could be 
investigated. 
Since most of the passenger cars nowadays use vented discs, another possibility 
of extending the plate model would be to use ribbing and a sandwich plate 
structure in order to approximate the vibrational behaviour of a vented disc. 
As mentioned in the section above a possible extension for the forced vibration 
model would be to implement different excitation mechanisms such as stick~slip 
in the mathematical model. 
Spinning disc: 
The investigated excitation mechanism shows promising results. It is an easy 
mechanism to install, the background noise can be reduced by regular 
maintenance (use a lubricant) and most important it is reasonably inexpensive. 
The development of a mathematical model for the forced vibration of a spinning 
disc is essential for future work. Therefore, further microphone array 
measurements with newer hardware, using a better frequency resolution is 
essential. Additionally, further investigation of the existing spinning disc 
models found in the literature is also important. 
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Measurement techniques: 
Traditional but very effective measurement techniques have been used for the 
majority of investigations undertaken in this thesis. This shows that it is not 
always high technology techniques need to be applied. However, non-contact 
optical measurements such as ESPI and holographic interferometry are strong 
tools for the experimental investigation of highly dynamic processes such as 
brake squeal. Therefore, it would make sense to use ESPI or holographic 
interferometry in addition to the microphone array measurements in order to 
verify the results of the mathematical models. 
It has been shown that the effect of the rotation speed on the resonant frequency 
can not beer investigated with the existing measurement equipment due to the 
limitation in the frequency resolution. Also the effect of the pad pressure has 
been investigated showing that the difference in frequency with increased pad 
pressure is minimal. However, the effect of temperature on the brake disc 
resonant frequencies has not been investigated yet and could be an area for 
future studies. 
Further possible investigations could include: 
• Investigation of vibrational behaviour whilst squealing (brake disc 
excited by brake pads and not by electrodynamic exciter) 
• Investigation on the effect of adding masses in ordered to imbalance 
the brake disc. 
Final comments: 
The target set for this research has been to develop and investigate a 
mathematical model for brake squeal analysis. The first. steps towards 
developing a mathematical model of the brake disc have been presented in this 
thesis showing some promising results. However, further steps need to be 
undertaken in order to achieve the target of developing a mathematical model of 
the complete brake squeal phenomenon. Some of them have been outlined in 
this section. 
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A1 . Semi-infinite beam 
In this section the wave amplitudes for a semi-infinite beam are derived. The 
investigation of the semi-infinite beam aids understanding the cyclo-symmetric 
beam model and has, therefore, been included for reasons of completeness. The 
semi-infinite beam extends from x=O to x=+oo and is excited at position x=O by a 
harmonic force Fo*ei"'t, this is shown in figure A.I. For a semi-infinite beam 
waves can only occur in one direction, in this case the waves are travelling to the 
right. Therefore the spatial part of the displacement, equation (3-5), can be 
reduced to: 
() A -k·x A -jkx ux= 2·e + .·e (AI-I) 
The amplitude A2 represents a near field wave caused by the excitation at point 
x=O and the amplitude A4 a propagating wave, which propagates from the right 
hand side the point of excitation to infinity. 
I x • 
Fo . e -jaJ! t!=======~) 00 
Figure A.I Sketch of a semi-infinite beam excited by a harmonic force at its free end 
Since the solution of the differential equation has two unknown coefficients, two 
boundary conditions are required, which need to be applied at the finite end. 
The first boundary condition, shown in equation (AI-2), implies that the shear 
force at x=O is equal to the amplitude of the harmonic excitation force. 
Additionally at the point x=O the bending moment is equal to zero, which is 
shown in the second boundary condition, equation (AI-3). 
(AI-2) 
A1 
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(A1-3) 
Using the spatial solution of the equation of motion, equation (AI-I), and 
inserting this into the boundary conditions, equation (AI-2) and (AI-3), the 
following matrix system can be developed: 
(AI-4) 
Solving the above matrix system for the amplitudes A2 and A4 the following 
expression can be found: 
A A Fo (1') 
2 = 4 = 2. E .1. k3' + J (AI-5) 
Inserting the solution for the amplitudes A2 and A4 into the spatial solution of 
the equation of motion yields the receptance of the semi-infinite beam, equation 
(AI-6). Differentiating the displacement with respect to time yields the mobility 
at position x=O, equation (AI-7). The mobility at the point of excitation is known 
as point mobility. 
u{w) 
F{w) = 
(1 + j) 
E ·1· k 3 
v{w) (1+ j).(j·w) 
F{w(- E·I·k 3 
(AI-6) 
(AI-7) 
Using the following material and geometrical properties the point mobility of the 
semi-infinite beam has been calculated with Matlab7. 
E = 2.1*1011 N/m2 
p = 7850 kg/m3 
I = 521 X 10-12 m4 
Aa = 250 X 10-6 m 2 = (0_005m x 0.05m) 
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In figure A.2 the modulus of the point mobility of the semi-infinite beam is 
shown in a frequency .range of 1 to 10 Hz in a logarithmic scale. Additionally 
shown in figure A.3 is the magnitude of the mobility along the length of the 
beam using an excitation frequency of 1000 Hz. The near field wave, which 
causes the large amplitude at the point of excitation, decays after about 0.15 m. 
After that point the propagating wave is predominant. An additional proof of 
the results can be found by calculating the wavelength using equation (Al-8) and 
comparing it to a 3600 phase change in figure A.4. Both, calculation and figure 
reveal a wavelength of about 220 mm at 1000Hz. 
2·1t A=-
k 
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Figure A.2 Modulus of point mobility of a semi-infinite beam, frequency range of 
1 - 100 Hz, logarithmic scale 
(Al-8) 
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A2 Infinite beam 
In this section a calculation of the wave amplitudes of an infinite beam and the 
estimation of its mobility is shown. The infinite beam extends from x=O in both 
directions to too and is excited at position x=O by a harmonic force Fo*ei"'t, thus 
waves appear in both directions. In figure A.S a sketch of an infinite beam is 
shown including the waves Al to A4. The wave motions in the positive (right) 
and the negative direction (left) are described in equations (A2-1) and (A2-2), 
respectively. 
Forx~O 
() A -k·x A -j·k·x u+ X = 2·e + 4·e (A2-1) 
The amplitude A2 represents a near field wave caused by the excitation at point 
x=O and the amplitude Ai a propagating wave, which propagates from the point 
of excitation to the right hand side to infinity. 
For x~O 
(A2-2) 
The amplitude Al represents a near field wave caused by the excitation at point 
x=O and the amplitude AJ a propagating wave, which propagates from the point 
of excitation to the left hand side to infinity. 
A, ~.." A, 
, ".',,,. , 
'. " 
F 
A, 
A. 
-~ ~ ,",-
,', .. 
f (t) = Fo . e joot 
> 
_t. 
+= 
-
Figure A.S Sketch of an infinite beam excited by a force,f(t), at the origin, x = 0 
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Similar to the semi-infinite beam analysis a matrix system can be developed by 
using the displacement equations (A2-1) and (A2-2) and by using the boundary 
conditions stated in equation (A2-3) to equation (A2-6). The four boundary 
conditions describe the relationships of continuity and equilibrium in positive 
and negative direction at x=O. Boundary condition 1 states that the deflection at 
the excitation point x=O in the negative and in the positive direction has to be the 
same. Boundary condition 2 implies the same for the slope. Boundary condition 
3 indicates that the sum of the bending moments at the point of excitation has to 
be equal to zero. Thus, the bending moment in positive direction has to be equal 
to the bending moment in negative direction. In the boundary condition 4 the 
relationship between the shear force in the positive direction and in the negative 
direction is described. The sum of both shear forces has to be equal to the 
amplitude of the excitation force. Hence, 
1. u)O) = ujO) 
2. 
{ 
LM{O)=O 
3. 
=>M+{O)= M_{O) 
4. with S{x.t)= E .I{x). a
3
u{x,t) 
ax 3 
(A2-3) 
(A2-4) 
(A2-5) 
(A2-6) 
Using the boundary conditions 1 to 4 the following matrix system can be 
derived: 
e k., 
-e -k·x e jk, -e -jk·x A, 0 
e k., ek., . jk·, . -j·k·x A2 0 J. e J. e (A2-7) = 0 e k., k·, j·k·, e- j·k., A3 -e -e Fj{ k·, k·, . j·k·, . -j·k·x A4 -e -e J. e J. e E ·1· k3 
A6 
------
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Solving this matrix for x = 0, the following relationship for the wave amplitudes 
can be calculated: 
A A . A . A -FO 1 = 2 = -J' 3 = -J' 4 = 3 4·E ·I·k 
(A2-8) 
Inserting the solution for the amplitudes AI to A4 into the spatial solution of the 
equation of motion yields the receptance of the infinite beam, equation (A2-9). 
Differentiating the receptance with regard to time yields to the point mobility, 
equation (A2-1O). 
x{m) - (1 + j) 
F{liJ) = 4· E . I· k 3 (A2-9) 
v{ro) -(1+j)·{j·ro) 
F{ro)=- 4·E·I·k 3 (A2-10) 
Equation (A2-10) gives the same results as the more commonly used expression 
found in the literature [67]: 
M b'I't (1- j) (Aa' P)r. o 11 y = . 
4·A.p . ..[OO E·I (A2-11) 
The same material properties as in section 3.2 have been used in order to 
calculate the point mobility of the infinite beam. 
In figure A.6 the modulus of the point mobility of the infinite beam is shown in a 
logarithmic scale in a frequency range of 1 to 3200 Hz. Additionally shown in the 
figures A.7 and A8 are the magnitude and the phase angle of the mobility along 
the length of the beam using an excitation frequency of 1000 Hz. The near field 
waves, which cause the large amplitudes at the point of excitation, decay after 
about 0.2 m. After that point the propagating waves are predominant. 
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Figure A.6 Modulus of point mobility of an infinite beam, frequency range of 1 - 3200 Hz, 
logarithmic scale 
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A3 Estimation of damping factors 
The Decay rate method has been used in order to estimate the damping loss 
factor. An error of up to 20 % has to be expected by using this method. For this 
method the system has to be excited by an electrodynamic exciter and then the 
excitation source needs to be turned of suddenly. The following equation has 
been used to calculate the damping loss factor [132]: 
11 = 20.i091o( ~ J 
27.3.f·(1 2 -1, ) 
(A3-1) 
Where Cl, C2 are the amplitudes of the signal, b 'and h the respective times and f 
is the excitation frequency, or the centre frequency of the frequency range 
considered. 
For the brake disc the system has been excited using sinusoidal input of 
frequency f. 3-4 averages have been made for each mode in the frequency range 
of interest. The frequency f is chosen according to the mode considered. 
Mode,n Frequency, f I Hz Damping loss factor, 11 
2 1220 0.0049 
3 2196 0.0084 
4 3488 0.0059 
5 5120 0.003 
6 7024 0.0113 
Table AI.I Oampmg loss factor values for brake dISC 
For the large diameter steel ring, the system has been excited with a random 
input between 0 Hz and 3200 Hz. Accordingly f is chosen as middle frequency, 
1600 Hz. 7 Averages have been conducted giving a value of 
11 = 0.0024 
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A4 Calibration setup 
Before starting to measure the frequency response function behaviour of the test 
structures a calibration of the accelerometer and force transducer has to be 
conducted. An example of the calibration method used is described below. 
A force transducer has been attached to an electrodynamic exciter. Then both 
have been connected to a lOkg mass using either wax, super glue or a grub 
screw. On the other side of the 10 kg mass an accelerometer has been attached 
(figure A.9). The electrodynamic exciter excites the 10 kg mass with a broadband 
random signal. The input signal, measured as force in N, and the output signal, 
measured as acceleration in m/52, have been recorded and processed using the 
HP Spectrum Analyser. For a 10 kg mass calculating the inertance should lead to: 
lntertance = ~ = ~ = 0.1)kg (A4-1) 
Figure A.9 Calibration setup for frequency response function measurements using a force 
transducer and an accelerometer on a 10kg mass 
Figure A.1O shows the calibration setup in schematic view. The following 
equipment and measurement setup have been chosen: 
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Equipment: 
Mini shaker (e.g. type 4810, Bruel & Kjaer) 
Accelerometer (e.g. type 4344, Bruel & Kjaer) 
Force transducer (e.g. type 8200, Bruel & Kjaer) 
2x charge amplifier (e.g. 2635, Bruel & Kjaer) 
Power amplifier 
BNC cable 
10 kg mass 
HP 3566A Analyser 
Measurement setup 
window: 
frequency range: 
type of averages: 
number of averages: 
excitation: 
uniform (rectangular) 
0-6400 Hz 
stable 
20 
random signal 
accelerometer force transducer 
J:, ... :tro<!yrulmiC exciter 
10 kg mass 
charge amplifier HP Analyser 
Figure A.IO Schematic view of the calibration setup for frequency response function 
measuremenls using. force transducer and an accelerometer on a IOkg mass 
The blue line in figure 3.16 shows the modulus of the inertance of the calibration 
measurements conducted on the 10 kg mass. It can be seen that the measurement 
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results are close to the 0.1 m/s2/N value particularly below 2800 Hz. To correct 
small mismatches of the inertance with the 0.1 m/s2/N value the sensitivity at 
the charge amplifiers of either force transducer or accelerometer could be 
changed. 
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Frequency 1Hz 
Figure A.ll Calibration results; inertance measurements on a 10 kg mass, frequency range of 0 to 
6400Hz 
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A 5 Standard boundary conditions for annular plate 
A schematic draft of a free - free disc in a cross - sectional view is shown in 
figure A.12, whereby a and b are the inner and outer radius and the thickness is 
stated as h. 
Ir=O 
I 
!~ 
I b 
Figure A.12 Sketch of free - free disc, cross - sectional view 
The boundary conditions for the disc are [71 and 73]: 
For r = a (inner boundary) 
1. Mr (a, 9, t)= O 
2. Vr (a,9,1) = 0 
For r = b (outer/ free boundary) 
3. Mr (b,9, t)= O 
4. Vr (b,9,t)=O 
(AS-I) 
(AS-2) 
(AS-3) 
(AS-4) 
The boundary conditions show, that for the inner edge as well as for the outer 
edge the moment in radial direction and that the Kelvin - Kirchhoff edge 
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reaction are equal to zero. They also imply that there are no restrictions with 
respect to displacement and slope at the both boundaries. 
In the next figures the modes shapes of a free - free disc are displayed. As 
already mentioned above no restriction regarding displacement and slope at the 
boundaries can be notified. The modeshapes of the first four diametral modes 
without circular modes and of the first six diametral modes with the first circular 
mode superimposed are shown. The rigid body movements of the free - free disc 
are neglected, therefore, the zeros and first diametral mode without circular 
mode are not shown. 
4 • .' ~ ~.'.' 
.~OM 0 ... ~~~~' • • o.os 0.05 
. , 
., 
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Figure A.13 2nd and 3rd diametral mode, Oth circular mode of a free - free disc 
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Figure A.14 4th and 5th diametral mode, O"h circular mode of a free - free disc 
., 
•• 
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Figure A.lS (lth and 1" diametral mode, 1" circular mode ofa Eree - free disc 
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Figure A.16 2nd and 3'" diametral mode, 1" circular mode of a free - free disc 
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Figure A.17 4"' and 5th diametral mode, I" circular mode of a free - free disc 
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Table AS.1 shows the comparison of the calculated natural frequencies of the 
different mode shapes of a sample disc to the natural frequencies, which can be 
found in the literature at [71]. For comparison the non - dimensional frequency I; 
is chosen, which can be calculated by: 
r;;b4 
I; = 4·1t·f ·VE.t1 (AS-S) 
the following dimensions and material properties are by way of example used: 
E=2.1·10" N
2
, 
m 
a=0.05m, 
kg P = 7850-3 , m 
b=0.1m, h = 0.01m 
For calculating the percentage error the following equation is used: 
Bt; = l; calculated - S literature 
l; literature 
(AS-6) 
In table AS.1 can be seen that the deviations between the calculated frequencies 
and the ones found in the literature are negligible. The abbreviation n stands for 
diametral modes and c for circular modes. 
n c foalrul"..J Hz I;wrul.,od ~literilture o~'100% 
0 0 - - - -
1 0 - - - -
2 0 1063 2.58 2.59 -0.4% 
3 0 2846 6.92 6.92 0% 
4 0 5248 12.75 - -
5 0 8216 19.96 - -
0 1 4284 5.64 5.64 0% 
1 1 23980 10.41 10.4 0.1% 
2 1 7750 18.83 18.8 0.2% 
3 1 7323 28.73 28.7 0.1% 
4 1 16621 40.38 - -
5 1 22263 54.09 - -
Table A5.1 Comparison of the calculated eigenfrequencies of a free - free disc with the literature 
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A5.1 Disc with simply supported inside and free outside 
boundaries 
11"=0 
I 
I 
b 
Figure A.l8 Sketch of simply supported - free disc, cross - sectional view 
The boundary conditions for a simply supported - free disc, as shown in figure 
A.I8, are [71 and 73]: 
For r = a (inner boundary) 
1. u(a,e,t)=Q (AS-7) 
(AS-8) 
For r = b (outer/ free boundary) 
(AS-9) 
(AS-IQ) 
Boundary conditions I and 2 imply that no deflections and no bending moment 
occur at the inner boundary. There are no restrictions regarding the slope. The 
influences· of the outer boundary conditions are already described above. The 
appropriate mode shapes are shown in the following figures. The modeshapes of 
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the first six diametral modes without circular modes and with the first circular 
mode superimposed are shown . 
• .,
................. . .. 
• 
Figure A.19 Oth and 1" diametral mode, Oth circular mode of a simply supported - free disc 
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Figure A.20 2nd and 3" diametral mode, Oth circular mode of a simply supported - free disc 
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Figure A.21 4th and 5 th diametral mode, Qth circular mode of a simply supported - free disc 
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Figure A.22 Q<h and 1" diametral mode, 1" circular mode of a simply supported - free disc 
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Figure A.24 4th and 5th diametral mode, 1" circular mode of a simply supported - free disc 
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Table AS.2 shows the comparison of the calculated natural frequencies of the 
different mode shapes of a sample disc, with simply supported inner boundary 
condition, to the natural frequencies, which can be found in the literature at [71]. 
For comparison the non - dimensional frequency l;; is taken, which is calculated 
using equation (AS-S). The material properties and dimensions of the fictive disc 
are the same as before. For calculating the percentage error equation (AS-6) is 
used. It can be seen that the deviations between the calculated frequencies and 
the ones found in the literature are negligible. The abbreviation n stands for 
diametral modes and c for circular modes. 
n c fuJruI •• ",1 Hz ~calculated ~literature ~A.·100% 
0 0 1026 2.49 2.49 0% 
1 0 1211 2.94 2.94 0% 
2 0 1989 4.83 4.83 0% 
3 0 3496 8.49 8.49 0% 
4 0 5676 13.79 - -
5 0 8481 20.61 - -
0 1 15197 36.92 36.9 0.05% 
1 1 15750 38.27 38.3 -0.08% 
2 1 17379 42.22 42.2 0.05% 
3 1 20021 48.64 48.6 0.08% 
4 1 23617 57.38 - -
5 1 28121 68.32 - -
Table A5.2 Comparison of the calculated eigenfrequencies of a simply supported - free disc with 
the literature 
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AS.2 Disc with clamped inside and free outside boundaries 
I 
i r=0 
Figure A.2S Sketch of clamped- free disc, cross - sectional view 
The boundary conditions for centrally clamped disc, shown in figure A.2S, are: 
[71 and 73] 
For r = a (inner end) 
1. u{a,e,t)=o 
2. au{a,e,t) 0 
ar 
which leads by using the derivative rules of Bessel functions to: 
k· A -(k ~ a . In{ka)- I n+1{ka)) + k· B -(k ~ a . Yn{ka)- Yn+1{ka)) 
+ k . C . (_n_ ·In (ka)+ In+1 (ka)) + k . D . (_n_. Kn (ka) - Kn+1 (ka)) = 0 k·a k·a 
(AS-l1) 
(AS-12) 
(AS-13) 
Boundary condition 1, caused by the clamping, implies that at the inner end the 
displacement is equal to zero. The second one implies that the slope at the inner 
end is equal to zero. 
For r = b (outer/ free end) 
3. M,{b,e,t) = 0 (AS-14) 
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Boundary condition 3 implies that the bending moment at r=b is equal to zero. 
4. V,(b,e, t) = 0 (AS-IS) 
The influences of boundary condition 3 and 4 are already described in the 
previolls sections, the appropriate mode shapes are displayed in the following 
figures. The modeshapes of the first six diametral modes without circular modes 
and with the first circular mode superimposed are shown . 
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Figure A.26 0'" and 1" di.ametral mode, 0'" circular mode of a clamped - free disc 
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Figure A.27 2nd and 3'" diametral mode, 0" circular mode of a clamped - free disc 
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Figure A.28 4th and 5th diametral mode, Oth circular mode of a clamped - free disc 
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Figure A.29 Oth and 1" diametral mode, 1" circular mode of a clamped - free disc 
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Figure A.30 2nd and 3"' diametral mode, 1" circular mode of a clamped - free disc 
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Figure A.31 4,h and S,h diametral mode, 1" circular mode of a clamped - free disc 
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Table AS.3 shows the comparison of the calculated natural frequencies of the 
different mode shapes of a sample disc, with clamped inner boundary condition, 
to the natural frequencies, which can be found in the literature at [71). For 
comparison the non - dimensional frequency I; is taken, which is calculated 
using equation (AS-S). The material properties and dimensions of the fictive disc 
are the same as before. For calculating the percentage error equation (AS-6) is 
used. It can be seen that the deviations between the calculated frequencies and 
the ones found in the literature are negligible. The abbreviation n stands for 
diametral modes and c for circular modes. 
n c fcollcul.atecY Hz ~UICU1.ted ~lilu.ture liI;'100% 
0 0 3244 7.88 7.88 0% 
1 0 3310 8.04 8.04 0% 
2 0 3662 8.90 8.90 0% 
3 0 4623 11.23 11.2 0.27% 
4 0 6376 15.49 - -
5 0 8901 21 .63 - -
0 1 2732 51.30 51.5 -0.39% 
1 1 21598 52.47 52.5 -0.06% 
2 1 22852 55.52 55.5 0.04% 
3 1 24952 60.62 60.6 0.03% 
4 1 27912 67.82 - -
5 1 31748 77.13 - -
Table AS.3 Comparison of the calculated eigenfrequencies of a clamped - free disc with the 
literature 
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A 6 8essel functions 
The Bessel functions are defined according to [89 and 90] as: 
(A6-1) 
(A6-2) 
_ (kr t n . ~ (n - m - 1)! . (kr )2m 
1t L... 22.m- n . ml 
m=Q . 
(A6-3) 
(A6-4) 
where yis called Euler constant and is defined as the limit of: 
1 1 1+-+ ....... +--ln(s) 
2 s 
(A6-5) 
which leads to: 
y = 0.51121566490 
further on it is defined that: 
ne N, (A6-6) 
·11 hs =1+-+ ........ +-
2 s 
with se N \{o} (A6-7) 
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For investigation of the boundary conditions the derivatives of the Bessel 
functions are also needed. These are given by: 
(A6-8) 
(A6-9) 
(A6-1O) 
(A6-11) 
For higher derivations of the Bessel functions the following equations have been 
applied: 
() 2· (n + 1) () () I n+2 x = . I n+1 x - I n x x (A6-12) 
() 2 . (n + 1) () () Yn+2 X = . Yn+1 X - Yn X X (A6-13) 
(A6-14) 
() 2· (n + 1) ( ) ( ) Kn+2 x = ·Kn+1 x +Kn x x (A6-1S) 
A27 
APPENDIX 
A 7 Estimation of spring supported inner boundary 
In the following the spring stiffness for the spring supported inner boundary is 
derived in more detail: 
The Hooke's law applied on elastic deformation is defined as: 
a=E'E c (A7-1) 
where 0, Ec and E are defined as the tensile stress, the compression strain and the 
modulus of elasticity, respectively. The stress can be defined additionally as 
force, F, divided by area, A: 
F 
a=-
A 
(A7-2) 
The compresive strain can be expressed as change in length divided by the 
original length: 
u(r,9,t) . 
E =---'::'-~ 
C L 
o 
(A7-3) 
The spring force per unit length is defined in the following two equations: 
F=dU·f(r,9,t) (A7-4) 
fs (r,9,t)=k s ·u(r,9,t) (A7-5) 
Using equations (A7-1).- (A7-4) the following expression for the displacement 
can be derived: 
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( 9 ) _ f.(r,9,t).dU·Lo u r, , t _ --"-'.-'-::::-'--:c_--"-
E·A. 
(A7-6) 
The cross-sectional area, Ae, of a tiny element of the cylindrical wall of the hat 
has been approximated by rectangular dimensions: 
(A7-7) 
Combining equation (A7-5) with equation (A7-6) and (A7-7) yields to the 
following expression for the equivalent spring stiffness per unit length, ks: 
(A7-8) 
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A 8 Results of modal investigation (accelerometer) of 
brake disc with inner hat removed 
In the following figures the results for the modal investigations of an annular 
plate with free inside and outside boundaries resting on foam are shown. The 
moduli of the inertance at 16 equidistance points around the disc have been 
measured. The values at three resonant frequencies (624, 1696 and 3140 Hz) have 
been plotted along their angular position. The angular modal patterns can be 
identified clearly. 
Note: Since the modulus has been plotted the number of peaks divided by two 
corresponds to the diametral mode number . 
. 5o,----r_-~r_--r_--r_--r_--,._--" 
AS 
40 
10 
5 
~~-~5~0--~100~-~1~~-~~~0--~~~0--~300~. -~~~o 
Position on disc r 
Figure A.32 Angular modal pattern of free-free brake disc at 624 Hz. The second diametral mode 
can be identified 
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Figure A.33 Angular modal pattern of free-free brake disc at 1696 Hz. The third diametral mode 
can be identified 
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Figure A.34 Angular modal pattern of free-free brake disc at 3140 Hz. The fourth diametral mode 
can be identified 
A31 
APPENDIX 
A 9 Results of modal investigation (accelerometer) of 
brake disc 
In the following figures the results for the modal investigations of an annular 
plate with fixed inside and free outside boundaries attached to a rigid body are 
shown. The moduli of the inertance at 32 equidistance points around the disc 
have been measured. The values at three resonant frequencies (624, 1696 and 
, 
3140 Hz) have been plotted along their angular position. The angular modal 
patterns can be identified clearly. 
Note: Since the modulus has be~n plotted along half the circumference the 
number of peaks corresponds to the diametral mode number. 
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Figure A.35 Angular modal pattern of fixed-free brake disc at about 1100 Hz. No modal pattern 
can be identified 
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Figure A.36 Angular modal pattern of fixed-free brake disc at about 1292 Hz. The second 
diametral mode can be identified 
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Figure A.37 Angular modal pattern of fixed-free brake disc at about 2196 Hz. The third diametral 
mode can be identified 
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Figure A.38 Angular modal pattern of fixed-free brake disc at about 3492 Hz. The fourth 
diametral mode can be identified 
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Figure A.39 Angular modal pattern of fixed-free brake disc at about 5148 Hz. The fifth diametral 
mode can be identified 
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A 10 Parameter study for natural frequencies of spring 
supported annular plate 
The following figures show the influence of various parameters on the calculated 
natural frequencies of the spring supported annular plate. The natural 
frequencies for the different parameters are plotted over the diametral mode 
number. 
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Figure A.40 lnfluence of the inner disc radius, a, on the calculated natural frequencies. A low 
influence can be identified 
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Figure A.41 Influence of the Poisson's ratio, v, on the calculated natural frequencies. A Iow 
influence can be identified 
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Figure A.42lnfluence of the density, p, on the calculated natural frequencies. A small influence 
can be identified 
A3S 
APPENDIX 
71Dl 
h'" 10 mm 
6QXI h",2mm 
h" 1.4 mm 
5IDl 
h'" 16 mm 
N 
;0 
~ "'" /1= 16 m", c 
• ~
<T 
e 
"-
>Ill 
, 5 
Diametral mode number 
Figure A.43 Influence of the disc thickness, h, on the calculated natural frequencies. A significant 
influence can be identified 
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Figure A.44 Influence of the Young's modulus, E, on the calcula ted natura l frequencies. A 
significant influence can be identified 
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Figure A.4S Influence of the oute r disc radius, b, on the calcu lated natural frequencies. A 
significant influence can be identified 
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A 11 Results of modal investigation (accelerometer) of 
modified brake disc 
In the following figures the results for the modal investigations of a modified 
annular plate with fixed inside and free outside boundaries attached to a rigid 
body are shown. The moduli of the inertance at 32 equidistance points around 
the disc have been measured. The values at three resonant frequencies (624, 1696 
and 3140 Hz) have been plotted along their angular position. The angular modal 
patterns can be identified clearly. 
Note: Since the modulus has been plotted along half the circumference the 
number of peaks corresponds to the diametral mode number. 
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Figure A.46 Angular modal pattern of modified fixed-free brake disc at about 1292 Hz. The 
second diametral mode can be identified 
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Figure A.47 Angular modal pattern of modified fixed-free brake disc at about 1656 Hz. The third 
diametral mode can be identified 
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Figure A.48 Angular modal pattern of modified fixed-free brake disc at about 2584 Hz. The 
fourth diametral mode can be identified 
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Figure A.49 Angular modal pattern of modified fixed-free brake disc at about 3808 Hz. The fifth 
diametral mode can be identified 
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A 12 Results of modal investigation (microphone) of 
static brake disc 
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Figure A.SO Results of microphone array measurements of brake disc fixed to the static rig , 2"" 
mode at 1253 Hz 
Time Is 
Figure A.S1 Calculated results, 2"" mode at 1253 Hz 
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Figure A.52 Results of microphone array measurements of brake disc fixed to the static rig, 3,d 
mode at 2224 Hz 
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Figure A.53 Calculated results, 3'" mode at 2224 Hz 
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Figure A.54 Results of microphone array measurements of brake disc fixed to the static rig ,4th 
mode at 3496 Hz 
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Figure A.55 Calculated results, 4th mode at 3496 Hz 
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Figure A.56 Results of microphone array measurements of brake disc fixed to the static rig, 5th 
mode at 5124 Hz 
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Figure A.57 Calculated results, 5th mode at 5124 Hz 
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Figure A.S8 Results of microphone array measurements of brake disc fixed to the static rig, 6th 
mode at 7124 Hz 
Figure A.59 Calculated results, 6'h mode at 7124 Hz 
A46 
APPENDIX 
A 13 Results of modal investigation (accelerometer) 
brake disc with applied pressure 
In the following figures the results for the modal investigations of a static brake 
disc fixed to the dynamometer with applied pad pressure are shown. The 
moduli of the inertance at 12 equidistance points around half the disc have been 
measured. The values at four resonant frequencies (1244, 2260, 3668 and 
5660 Hz) have been plotted along their angular position. 
Note: Since the modulus has been plotted along half the circumference the 
number of peaks corresponds to the diametral mode number 
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Figure A60 Angular modal pattern of static brake disc with applied pressure at about 1244 Hz 
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Figure A61 Angular modal pattern of static brake disc with applied pressure at about 2260 Hz. 
The second diametral mode can be identified 
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Figure A62 Angular modal pattern of static brake disc with applied pressure at about 3668 Hz. 
The third diametral mode can be identified 
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Figure A.63 Angular modal pattern of static brake disc with applied pressure at about 5660 Hz. 
The fourth diametral mode can be identified 
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A 14Unfiltered results of microphone measurements on 
spinning disc 
The following figures show the wililtered and filtered results for the microphone 
array measurements on the spinning disc at 10, 20, and 30 rpm for 2240 Hz as 
well as the unfiltered results for 3520 Hz. 
Figure A.M Unfiltered results of microphone array measurements of spinning brake disc fixed at 
10 rpm, 3,d mode at 2240 Hz. 
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Figure A.65 Filtered results of microphone array measurements of spinning brake disc fixed at 10 
rpm, 3"' mode at 2240 Hz. 
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TIm.'. 
Figure A.66 Unfiltered results of microphone array measurements of spinning brake disc fixed at 
20 rpm, 3,d mode at 2240 Hz 
Figure A.67 Filtered results of microphone array measurements of spinning brake disc fixed at 
20 rpm, 3"' mode at 2240 Hz 
A51 
APPENDIX 
Figure A.68 Un filtered results of microphone array measurements of spinning brake disc fixed at 
30 rpm, 3'" mode at 2240 Hz 
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Figure A.69 Filtered results of microphone array measurements of spinning brake disc fixed at 
30 rpm, 3,d mode at 2240 Hz 
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Tlrn.ls 
Figure A.70 Unfiltered results 01 microphone array measurements 01 spinning brake disc fixed at 
10 rpm, 4th mode at 3520 Hz 
Tlmt/s 
Figure A.71 Unfiltered results 01 microphone array measurements of spinning brake disc fixed at 
20 rpm, 4th mode at 3520 Hz 
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Figure A.72 Unfiltered results of microphone array measurements of spinning brake disc fixed at 
30 rpm, 4th mode at 3520 Hz 
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